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Abstract 

Let g be a Lie algebra over a field F of characteristic zero, let C be a certain tensor 
category of representations of g, and C*" a certain category of duals. In |M 4| we associated 
to C and C*" by a Tannaka reconstruction a monoid M with a coordinate ring F [M] of 
matrix coefficients, as well as a Lie algebra Lie{M). We interpreted the Tannaka monoid 
M algebraic geometrically as a weak algebraic monoid with Lie algebra Lie{M). The 
monoid M acts by morphisms of varieties on every object V of C. The Lie algebra Lie{M) 
acts on V by the differentiated action. 

In particular, we showed in M 4 : If the Lie algebra g is generated by by one-parameter 
elements, then it identifies in a natural way with a subalgebra of Lie{M), and there exists 
a subgroup of the unit group of M, which is dense in M. In the present paper we introduce 
the coordinate ring of regular functions on this dense subgroup of M, as well as the algebra 
of linear regular functions on the universal enveloping algebra f/(g) of g, and investigate 
their relation. We investigate and describe various coordinate rings of matrix coefficients 
associated to categories of integrable representations of g. We specialize to integrable 
representations of Kac-Moody algebras and free Lie algebras. Some results on coordinate 
rings of Kac-Moody groups obtained by V. G. Kac and D. Peterson, some coordinate rings 
of the associated groups of linear algebraic integrable Lie algebras defined by V. G. Kac, 
and some results on coordinate rings of free Kac-Moody groups obtained by Y. Billig and 
A. Pianzola fit into this context. 

We determine the Tannaka monoid associated to the full subcategory of integrable 
representations in the category O of a Kac-Moody algebra and to its category of full 
duals. Its Zariski-open dense unit group is the formal Kac-Moody group. We give various 
descriptions of its coordinate ring of matrix coefficients. We show that its Lie algebra is 
the formal Kac-Moody algebra. 
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Introduction 



Finite-dimensional Lie algebras arise as an important aid in the investigation of finite-di- 
mensional Lie groups and algebraic groups, encoding their local structure. In the infinite- 
dimensional situation one often finds natural infinite-dimensional Lie algebras, which also have 
a rich representation theory. But the Lie algebras are defined and obtained without the help 
of any groups. One faces the problem to "integrate infinite-dimensional Lie algebras", i.e., to 
construct groups associated in an appropriate way to these Lie algebras. Important examples 
are Kac-Moody algebras and their associated Kac-Moody groups. 

In the paper |M 4| we gave an approach to the integration of infinite-dimensional Lie al- 
gebras based on the Tannaka reconstruction. Starting with a Lie algebra g over a field F 
of characteristic zero, a certain category C of representations of g, and a certain category of 
duals C''", we associated to C and C''" the Tannaka monoid M with coordinate ring of matrix 
coefficients F[Af], as well as a Lie algebra Lie(M). We interpreted the Tannaka monoid M 
algebraic geometrically as an irreducible weak algebraic monoid with Lie algebra Lie{M). The 
monoid M acts by morphisms of varieties on every object V of C The Lie algebra Lie{M) acts 
on V by the differentiated action. The pair of categories C and C^" is good for integrating g, if 
the Lie algebra g identifies in a natural way with a Lie subalgebra of Lie{M). We investigated 
the Tannaka monoid M, its coordinate ring of matrix coefficients F [M], and the Lie algebra 
Lie{M) in this situation. In general, it is a difficult problem to decide if some categories C and 
C^" are good for integrating g. We showed that if the Lie algebra g is generated by integrable 
locally finite elements, then C and C^" are good for integrating g. 

One-parameter elements are particular examples of integrable locally finite elements. If g 
is generated by one-parameter elements, then there also exists a subgroup of the unit group 
of M, which is dense in M. In Section |21 of the present paper we introduce the coordinate 
ring of regular functions on this dense subgroup of AI. For particular examples of Lie algebras, 
categories of representations, and generating sets of one-parameter elements, this subgroup and 
its coordinate ring specialize to the (minimal) Kac-Moody groups and its coordinate rings of 
regular functions defined and investigated by V. G. Kac and D. Peterson in |K,P 1| , |K,P 2| , 
to the associated groups of linear algebraic integrable Lie algebras and its coordinate rings of 
regular functions defined by V. G. Kac in |K1| . and to the free Kac-Moody groups and its 
coordinate rings of polynomial functions defined and investigated by Y. Billig and A. Pianzola 
in |Bi, Pi| . We introduce the counterpart of the coordinate ring of regular functions, the algebra 
of linear regular functions on the universal enveloping algebra J7(g) of g, with which it is easier 
to work algebraically. We give a theorem, which describes when both algebras are isomorphic. 
In particular, applied to the algebra of polynomial functions on the free Kac-Moody group, 
giving this isomorphism is roughly equivalent to a description of the algebra of polynomial 
functions on the free Kac-Moody group obtained Y. Billig and A. Pianzola in |Bi, Pi| . 

In Section|3|we define various coordinate rings of matrix coefficients associated to categories 
of integrable representations of a Lie algebra g. This is motivated by the definition of some 
coordinate rings of the associated groups of linear algebraic integrable Lie algebras in jKlj . 
and by some results in relation to the free Kac-Moody group and the shuffle algebra in |Bi, Pi| . 
Depending on certain assumptions which have to be satisfied we characterize the corresponding 
subalgebras of the coordinate rings of regular functions, as well as the corresponding subal- 
gebras of the dual of the universal enveloping algebra C/(g) of g. We specialize to integrable 
representations of free Lie algebras and symmetrizable Kac-Moody algebras. We also show 
how some of the results related to the shuffle algebra obtained in |Bi, Pi 1 and [FTl] can be 
interpreted over a field of characteristic zero by the Tannaka reconstruction. 

Even if we know that C and C''" are good for integrating an infinite-dimensional Lie algebra, 
it may be quite hard, and a long way to determine the associated Tannaka monoid and its Lie 
algebra. An example has been treated in |M Ij . The full subcategory Omt of the category O of 
a symmetrizable Kac-Moody algebra g, whose objects are the integrable g-modules contained 
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in O, is one possible generalization of the category of finite-dimensional representations of a 
semisimple Lie algebra. It keeps the complete reducibility theorem, i.e., every integrable g- 
module contained in O is a sum of integrable irreducible highest weight modules. In |M 1| 
we determined the Tannaka monoid associated to this category and its category of integrable 
duals. Its Zariski-open dense unit group is the (minimal) Kac-Moody group. We showed that 
its Lie algebra identifies with the Kac-Moody algebra. In Section^ we determine the Tannaka 
monoid associated to the category of integrable g-modules contained in O and its category of 
full duals. Its Zariski-open dense unit group is the formal Kac-Moody group. We give several 
descriptions of its coordinate ring of matrix coefficients. We show that its Lie algebra identifies 
with the formal Kac-Moody algebra. It is possible to do this in a short way by making use of 
some results of jM_2j. 

Many examples remain to be treated. In particular, for a symmetrizable Kac-Moody algebra 
g it would be important to determine the Tannaka monoid associated to the category of 
integrable g-modules with point separating integrable duals and to its category of integrable 
duals. We conjecture that the Tannaka monoid is the (minimal) Kac-Moody group, and that 
its Lie algebra identifies with the Kac-Moody algebra. 
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1 Preliminaries 

This paper continues the paper |M 4| . We use the notation introduced in |M 4| . We also refer 
for the basic definitions to |M 4| . Before starting to read Section|5|and SectionOof this paper, 
please review in particular Section 2.1, and Section 2.4 of |M 4| . Before starting to read Section 
0]of this paper please review Section 3 of |M 4| . 



2 Regular functions 

Let g be a Lie algebra over a field F of characteristic 0. Fix a category C, and a category C*" 
of duals as in Section 2.1 of |M 4j . Let M be the associated Tannaka monoid equipped with 
its coordinate ring F [M] of matrix coefficients as defined and described in Section 2.1 of jM 4j . 
Let Lie{M) be its Lie algebra, which we realize as in Section 2.1 of |M 4| as a Lie subalgebra of 
the Lie algebra Nat. Also as described in Section 2.1 of |M 4| we identify g with a subalgebra 
of Nat. 
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Regular functions for Kac-Moody groups have been introduced in |K,P 2| . Regular func- 
tions for groups associated to linear algebraic integrable Lie algebras in |K1| . S1.8. Polynomial 
functions for groups called free Kac-Moody groups have been introduced and investigated in 
|Bi, Pi|. The concept of regular functions fits into the context of the Tannaka reconstruction 
of |M 4| . including these cases. For a simple presentation we restrict here to the case where the 
Lie algebra g is generated by one-parameter elements. More generally, it is possible to define 
regular functions if the Lie algebra g is generated by integrable locally finite elements. 

Recall the following parts of Theorem 2.35, Remarks 2.36, and Theorem 2.37, Remarks 
2.38 of IM 4j . which are important for our considerations, and which also introduce some of 
the notation we use in this paper. 

Theorem 2.1 Let e G g \ {0} such that for every ^-module V contained in C 

(1) ev is locally nilpotent, 

(2) exp(tey) e Endvd^{V) for all t e F. 

Then for every i G F there exists an element exp(te) G M , which acts on every g-module V 
contained in C by exp(iey). Equip F with the coordinate ring of polynomial functions V[t]. 
The map 

Ke : (F, +) ^ M 

t I— > exp(te) 

is a morphism of monoids, which is also an embedding of sets with coordinate rings. Its image 
Vf. is closed in M , and LieiV^) — Fe. 

Remark 2.2 Condition (2) of the theorem is satisfied if V'^'^ ~ V* , or if (ey)'*" is a locally 
nilpotent endomorphism of V^" . 

Theorem 2.3 Let e G g such that for every g-module V contained in C 

(1) ev is diagonalizable with integer eigenvalues, 

(2) t"^ G Endy^u (V) for every t G F^ . 

Then for every t G F^ there exists an element G M , which acts on every module V contained 
in C by f^^ . Equip F^ with the coordinate ring of Laurent polynomial functions F [t, t^^] . Let 
Ze be the set of eigenvalues of ey for all objects V of C. Then 

Ke : (F^•) ^ M 
t ^ t" 

is a morphism of monoids, which is also a morphism of sets with coordinate rings. Zg is a 
submonoid o/(Z, and the image of the comorphism k* is given by 

«::(F[M]) = 0F^^ 

Denote the image of the map Kg by Ve. We have Lie{Ve) = Fe. 

Remarks 2.4 (1) Condition (2) of the theorem is satisfied if V^"^ ~ V* , or if (ey)''" is a 
diagonalizable endomorphism of V^"^ . 

(2) If e acts by positive and negative eigenvalues on the objects of C then Zg = aZ, where 
a is the smallest absolute value of the non-zero eigenvalues of ey for all objects V ofC 



4 



We call elements e G g\{0} as used in Tlieoreni l2 . II locally nilpotent one-parameter elements. 
We call elements e G g \ {0} as used in Theorem 12.31 diaaonalizahle one-parameter elements. 
A diagonalizable one-parameter element e is called (±)-diagonalizable if e acts by positive and 
negative eigenvalues on the objects of C. We define the zero of g to be a locally nilpotent, as 
well as a diagonalizable one-parameter element. 

The following theorem is a particular case of Theorem 2.39 of |M 4j : 

Theorem 2.5 Let the Lie algebra g be generated by a set E of one-parameter elements. Then 
C, C*" is very good for integrating g. Moreover, already the subgroup 

meN ei, 62, e„,e£;\{0} 

of is dense in M. The coordinate ring F [M] of M is isomorphic to its restriction F [Ge] 
onto Ge by the restriction map. 

Remark 2.6 The group Ge can be constructed in the same way as the Kac- Moody group in 
\K,F 1\ , or as the group associated to an integrable Lie algebra in \K1^ . %1.5, and §i.iS.' Define 
the free product of groups Gfree '■= ':^e6_E\{o}I^e, where Fg := (F, if e is a locally nilpotent 
one-parameter element, and Fe := (F^, ■) if e is a diagonalizable one-parameter element. 
Since the groups Ve, e G E \ {0}, act on every ^-module contained in C, the homomorphisms 
Kg : We ^ Ve, e G E\{0}, induce an action of Gfree on these g-modules. The homomorphisms 
Ke : Fe — > Ve C Ge, 6 G E \ {0}, also induce a surjective homomorphism of groups Hfree ■ 
Gfree Ge- Therefore Ge is isomorphic to Gfree factored by the kernel of k, free, which 
consists of the elements of Gfree which act trivially on every g-module contained in C. 

To define, and in particular to work with the algebra of regular functions on G^; we first 
introduce some notation. For every e G i?\{0} equip Ve with its coordinate ring F [Ve] obtained 
by restricting the coordinate ring F [M] of M onto Ve. For every p e N and e—{ei, . . . , Cp) S 
{E \ {0})P equip 

Ve := Ve, X . . . X Ve^ 

with its coordinate ring F [Vej as a product, given by F [VeJ (g) • • • (g) F [14^]. Let 

me-.Ve-^ Ge. 

be the map given by multiplication. The image of me is Ve, ' ' ' ^ep ■ 

li e G E \ {0} is a locally nilpotent one-parameter element set Fe :— F and equip Fe with 
the algebra F [Fg] F [t] of polynomial functions. Set Ze := Nq. 

If e e £' \ {0} is a diagonalizable one-parameter element set Fg := F^. Recall that Ze is 
the submonoid of Z given by the eigenvalues of ev for all objects V of C. Equip Fg with the 
algebra of functions 

F[Fe] Ft'' . 
For every p e N and e = (ei, . . . , ep) G (i? \ {0})^ equip 

Fe := Fe, X • • • X Fg^ 

with its algebra of functions F [FJ as a product, given by F [Fg,] • • • (g) F [Fg^]. The elements 

of F [Fe] are linear combinations of monomials t\^t2^ ■ ■ ■tp'' where ki G Zg, , k2 G Zg^ , . . . , kp G 
Zgp. Define the map 

Ke-.Fe-^Gs by Ke(t) := Ke-,(ti)Ke.^(t2) ■ ■ ■ Kej,{tp) whcrC t := {ti , . . . , tp) G ¥ e. 

The image of Kg is Vg, Vea • • • Ve^ . 
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Definition 2.7 Let the Lie algebra g he generated by a set E of one-parameter elements. A 
function f : Ge is called regular if for all p G N, and e G {E\{0})p the following equivalent 
conditions are satisfied: 

(i) mlif) :=/omeGF[yj. 

(ii) Klif) :=/oK, gF[FJ. 

Denote by F [G^jJ^, the set of regular functions. 

The next Proposition is proved in a similar way as the corresponding results in |K,P 2| for 
Kac-Moody groups, and in jKlj . §1.8 for the groups associated to linear integrable Lie algebras. 

Proposition 2.8 (a) ¥[Ge\t, coordinate ring without zero divisors. Left and right multi- 
plications with elements ofCs induce comorphisms o/F [Gb]^. If every non-zero diagonalizable 
one-parameter element of E is (±)-diagonalizable, then the inverse map induces a comorphism 

0fV[GEl- 

(b) The coordinate ring¥[GE\ is a subalgehra o/F[G£;]^. 

Remarks 2.9 (1) For the examples we treat in this paper we reach a characterization of¥ [Ge] 
as a subalgebra o/F [G^;]^ only by using the action of x Ge on ¥ [Ge],,- 

(2) The coordinate ring ¥[Ge\j. is the smallest coordinate ring on Ge, such that for all 
p G and ei, . . . , Bp G -E \ {0} the map 

m(ei,...,ep) ■ Ki X • • • X ^ Gb 

given by multiplication is a morphism of sets with coordinate rings. 

Next we introduce a subalgebra F [?7(g)]^ of [/(g)*, the algebra of regular linear functions 
on C/(g), which contains the algebra of matrix coefficients F [C/(g)] on U{g). The definition of 
the linear regular functions on U (g) is the differentiated counterpart of the definition of the 
regular functions on G^. We first introduce the corresponding structures and notations: 

Let e £ E \ {0}. Then Fe is an abelian subalgebra of g. Its universal enveloping algebra 
17 (Fe), and the dual [/(Fe)* can be described as follows: 

F— and C/(Fe)* = n Ft" where t'"( — ) = ,5™„. 

Since C/(Fe) is abelian the [/(Fe)-action on U{¥e)* coincides with the C/(Fe)°P-action. We 
denote this action by o- The element e acts by formal differentiation, i.e., 

eo ^ c„t" = ^ nc„T"~^ where c„ G F, n G Nq. (1) 

Let e E E \ {0} be a locally nilpotent one-parameter element. As we have seen in the proof 
of Theorem 2.35 of | M 4| . the algebra of matrix coefficients on U(¥e) is given by 

¥[U{¥e)] = Ft" C C/(Fe)*. 

(Recall that Ze = No). Since e acts locally nilpotent on F [C/(Fe)], also the group Ve acts on 
F[[/(Fe)]. From equation iQJ follows that this action is given on the elements r" G C/(g)*, 
n G Ze, by 

exp(fe)oT" = it + r)" where t G F, n G Nq. 
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Let e G E \ {0} be a diagonalizable one-parameter element. As we have seen in the proof 
of Theorem 2.37 of |M 4j . the algebra of matrix coefficients on U{¥e) is given by 

k 

F [C/(Fe)] = Fcxp(r)" C U{¥e)* where exp(T)" = exp(nr) := ^ ^t'' e [/(g)*. 

(Recall that Ze is the submonoid of (Z, +) given by the eigenvalues of ey for all objects V of 
C.) Since e acts diagonalizable on on F[C/(Fe)], also the group acts on F[L/(Fe)]. From 
equation follows that this action is given on the elements exp(T)" G U{g)* , n e Z, by 

(i'=)oexp(r)" = (texp(T))" where tE¥'',neZ. 

To cut short our notation we define 

J T if e is a locally nilpotent one-parameter element 
^ ' 1 cxp(r) if e is a diagonalizable one-parameter element 

The universal enveloping algebras U{¥e), e G i?\ {0}, embed into U{g) in the obvious way. 
Let p G N and e = (ei, . . . , Cp) G (£; \ {0})^. Let 

Pe : C/(Fei) ■ • ■ ® [/(Fep) ^ f/(g) 

be the linear map given by Peiui ® ■ • ■ ® Up) := yi ■ ■ ■ Up, where yi G U (Fei), . . . , yp E U (Fep). 
For e e E \ {0} set pe := p(e)- 

Note that the space of linear functions on U{¥ei) • • ■ ® U{¥ep) can be described by 

(C/(Fei) (g) • • • ® t/(Fep))* = Y[ ¥ t^' (g) ■ ■ ■ t^" . 

ki, fc„eNo 

Identify F [[/(Fei)]®- • -(gjF [U{¥ep)] with the corresponding subspace of (C/(Fei) ® • • • (g) [/(Fcp))*. 

Definition 2.10 A linear function h G U{g)* o/[/(g) is called regular if for alle = (ei, . . . , Cp) G 
(i; \ {0})P, p€N, we have 

hop^e¥ [U{¥ei)] ® • • • ® F [U{¥ep)]. 

Denote by ¥ [U (g)]^ the set of regular linear functions of U{g). 

For ei, . . . , Cp G £^\{0}, p G N, equip F [[/(Fei)]®- • -^F [U{¥ep)] with the algebra structure 
induced by F [U(¥ej)], j = I, . . . , p. 

Proposition 2.11 (a) ¥[U{g)]^ is a U{g)°P ® U{g) -invariant subalgebra ofU{g)*. If every 
non-zero diagonalizable one-parameter element of E is {±) -diagonalizable, then F[C/(g)]j, is 
also invariant under the dual of the antipode of U (g) . 

(b) For e = (ei, . . . , Cp) G (-B \ {0})p, peN, the map 

pI : F [U{g)\. ^ F [U{¥ei)] ® ■ • ■ ® F [U{¥ep)] 

defined by p%{h) := ho p^, where /i G F [[/(g)]^,, is a morphism of algebras. 

(c) The algebra of matrix coefficients F[C/(g)] on U{g) is a subalgebra of¥[U{g)]^. 

Proof: To (a) and (b): It is easy to check that F[C/(g)]^ is a [/(g)°^ ® J7(g)-invariant 
linear subspace of U{g)*. Denote by • the multiplication of C/(g)*. To show that F [t/(g)]^ is 
a subalgebra of [/(g)*, and to prove part (b) of the proposition, it is sufhcient to show: Let 
p G N and e = (ei, . . . , Cp) G (-E \ {0})^. Then 

lope = l(g)---(g)l and {h ■ h) o p^ = {h o p^) • [h o pg), 



|GF[C/(Fe)]. (2) 
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where h,h€¥ [U{g)]^, and • denotes the multiphcation of F [f/(Fei)] ® • ■ • F [[/(Fcp)] 

fci fcp 

The first equation is trivial. For k := (fci, kp) e Nq define := 'k^jTT^r- These 
elements satisfy 

For k:={ki,...,kp)e define := t^' (g) ■ ■ ■ (g) Tp" . We have 

Now assume that every non-zero diagonalizable one-parameter element of i? is (±)-diagonalizable. 
Denote by S be the antipode of C/(g). Let ft. £ F [U{'g%. Let p G N and ci, . . . , Cp G -B \ {0}. 
Recall the notation ||2Jl. Since h is regular, 

/i°P(e,....,ei) = Ck^-k.Vp'' ^---^Vi' eF[C/(Fep)]®---®F[;7(Fei)]. 

finitely many 

Denote by Sj the antipode of C/(Fej), j = 1, ■ ■ ■ , P- Then 

finitely many 

Because of S*{Tj) = —Tj and S'*(exp(Tj)) = exp(— Tj) the sum on the right is contained in 
¥[U{¥ei)]® ■ ■ ■ ®W[U[¥ep)]. 

To (c): Let V be an object of C. Let w G F and G F*". Let p G N and d, . . . , Cp G E\{Q} 
Let yi G f/(Fei), . . . , yp G ;7(Fep) 
If Cp acts locally nilpotent the 
the following development in position p. 



v 

If Cp acts locally nilpotent there exists an integer Np G N such that ep''~^^v — 0. We get 



<j){yi ■ ■ ■ yp-iypv) = ^ • • ■ yp^ie^'w) -^(?/p). (3) 

kp=0 P' 

If Bp acts diagonalizable there exists an integer Np G Nq such that v — X^nez |n|<Af where 
Vn is either an eigenvector of e on to the eigenvalue n or the zero vector. We get the following 
development in position p: 

4>{yi ■ ■ ■ Vp-iVpv) ^ Y Hyi---yp-i'"kp){exp{kpTp){yp)). (4) 

Developing Q resp. Q successively in the positions p — 1 to 1 we find g^y o p(ei,...,ep) G 
F[[/(Fei)]®---(8F[C/(Fep)]. ' ' " D 

At first the algebra F [[/(g)]^, looks even more unpleasant than F [G^;],,. But actually it is 
easier to work with. In particular, its definition boils down nicely in the important case where 
E consists only of locally nilpotent one-parameter elements: 
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Proposition 2.12 Suppose that E consists of locally nilpotent one-parameter elements. Then 
F[C/(g)]j, is the subalgebra ofU{g)* given by the elements h G U{g)*, such that for all p G 
and for all ei, . . . , Cp G E \ {0} we have 

h(ei^ ■ ■ ■ Cp^) ^ for at most finitely many fci, . . . , /cp G No- 
Proof: Let h G U{g)*. For e = (ei, . . . , Cp) e {E\ {0})p and p G N we can develop 

hop,= ^ h{^---^)T^' ^■■■<g>T^- e{U{¥ei)<E>---(E>U{¥ep))* . 
fci,...,fcpeNo ^' P' 

The sum on the right is contained in F [U{¥ei)](g)- ■ -(gjW [U{¥ep)] if and only if • • ■ |4) 7^ 
for at most finitely many ki, kp £ Nq. □ 

Next we investigate when the counterparts F [Ge]^. and F [J7(g)]^ are isomorphic. If F [Ge]^ 
and F [t/(g)]^ are isomorphic algebras, then there exists a natural action of C/(g°P) [/(g) on 
F [G^;]^, as well as a natural action of G°^ x Ge on F [[/(g)]^. In Thcorcm l2.15l we show that 
this is already sufficient. As a preparation we first show ProDOsition l2.13l and Theorem 12. 141 
which are quite useful. 

For eeE\{0} define 

d . f 7f \t=o if e is a locally nilpotent one-parameter element 



dt \ |t=i if e is a diagonalizable one-parameter element 
Recall the definition of the element rj from 

Proposition 2.13 (a) For every e £ E \ {0} we get a left invariant derivation of¥[GE]j, by 

(e>/)(3):=^|e/(5«eW) ^here f e ¥ [GeU 9 ^ Ge- (5) 
Similarly, we get a right invariant derivation of¥[GE]j, by 

{e^f){g):^j^\ef{K,{t)g) where / G F [G^],, g G G^. (6) 

For e,e Cz E \ {0} the derivations ei> and e<] commute. 

(b) Let f £¥ [Ge]^. Letei, ...,egeE\ {0}, q G N. Develop 

f{Ke,{ti)---Keg{tq)) ^ ^ c„i . . i"^ • • ■ i^' wherc ii GFei, tg GFe^. (7) 

ni, .... n. 

Let p G {1, 2, . . . , q}. Then for all ti G Fej, ■ ■ ■ , ip-i G Fg^ ^, kp, . . . , kq £ Nq we have 
(ep%(---(e^,/)---))('^e,(ii)---A£e,_,(Vi)) 

= E cn.-«,<^(e^)---<'(e^)ir---i;r/- (8) 

(For p — I replace Kei (^i) ' ' ■ i^e^^i i'tp-i) 1; '"^'^ omit the expression t"^ • • ■ . j For all 
tp+i G Fep_|_i, • • ■ , G Fe^, fci, . . . , /cp G No, iwe /lawe 

(• • • /) • • •))(«e,+, (Wi) • • • A^e,(i,)) 

= E c«i-«,^r(e^^)---^p"'(e^)C;r---f^'. (9) 

.... ri, 

('for p = q replace Kep+i (ip+i) • ' ' '*e, (tq) by 1, and omit the expression t^^^^ ■ ■ ■ tq'' .) 
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Proof: We first show part (b) of the theorem. Let Cp be a locally nilpotent one-parameter 
element. By ((JJ we find 

{4\f) {Heu-,e,.,){tl, Vl)) 

d , d 



«i=o -, |ufcp=o /(K(ei,...,ep_i)(^i, ip-i)exp(Miep)---exp(ufc^ep)) 

E Cn,...njT---t;-\'{ui + ---+U^X' 



dui duk. 
d 



dui duk^ 

for all kp G N. Also the first and the last expression of this chain of equalities coincide for 
kp — 0. If Bp e £'\{0} is a diagonalizable one-parameter element, then by a similar computation 

(ep%/) («(e„...,ep_,)(^i' = E ^n,-njT---tp-i (exp(npr) (e^> )) 

ni ■ ■ -Tip 

for all kp e No- Applying these steps successively {q — p)-times we get formula ((S)). Formula 
is proved in a similar way. 

Now part (a) of the theorem follows from part (b) and from standard properties of the 
differentiation. □ 



Theorem 2.14 (a) For every e E \ {0} the group Ve acts by morphisms of algebras on 
V[U{g)l by 

i9>h)iy):^{g^{p:{y^h))){l) where g e V,, h e ¥ [U{g)l, y E U{g). (10) 

For every e £ E \ {0} the group acts by morphisms of algebras on ¥ [U{g)],^ by 

i9^h)iy):^ig4p:iy^h))){l) where g £ V,, h e ¥ [U{g)l, y e U{g). (11) 

For e, e £ E \ {0} the actions of Ve and commute. 

(b) Leth£¥ [C/(g)]^. Letei, ...,eq£E\ {0}, q e N. Develop 

PU,-.eJh)= Cfcl...fc,?7^ ® •■•®?7,^«. (12) 



Let p £ {1, 2, . . . , q}. Then for all tp £ Fg^, ■ ■ ■ , tq £ Fg^ we have 
PU,-,e,^,){^eAtp)A---{^eAt,)^h)---))^ ^ Cfc, . . i^- • • t,^' r;^ ® • • • ® 7?^-^ (13) 

(For p ~ 1 replace p*^^ ^ by the evaluation map in 1, and omit ??i ' (8> • • • (8) Vp-\^ ■) For 
all ti £ Fei , ■ ■ ■ , tp £ Fgp we have 



P(ep+„...,e,)(«ep(ip)<(---('*e,(tl)</^)---)) = ^fc, ■ ■ -fc, • ' • i^'' ^y^fi^ ® ' ' ' ® • (W) 

(For p = q replace P*e ■■■ e ) evaluation map in 1, and omit 7?p+Y "X* • • ■ ■) 
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Proof: We first show part (b) of the theorem. By 1)12(1 we find 

((yi---y9-i)</i)ope, = cfei...fc,»7i'(yi)---??f'"'(2/g-i)?yj''. 

for all 2/1 e U{¥ei), y^^i G [/(Fe^-i). It follows 

{Ke^{tq)^h){yi - ■ -yq-i) = (^e, (tg)o (( (yi ' ' ' 2/g- 1 ) <] /l) O J ) (1) 

= E Cfe,...fc,r;^nyi)...77^'ir(y,_i)K(t,)or?'=')(l) 



— ^ o 



for aU yi G t/(Fei), . . . , G C/(Feg_i). Equivalcntly, 

K(ig)^/l)op(e,,...,e,_i) = Cfc, . . .fc^ 7/^ ® • • • ® ?7^^r/ 

Repeating the same step successively (q — p)-times gives formula (|13|) . Formula (|14|l is proved 
in a similar way. 

Now we can prove part (a) of the theorem. If g G Vg and ft, G F [C/(g)]^ then also g^^h € 
F [[/(g)]^, resp. 5<] ft G F [C/(g)]^. This follows from formula ifT^ for Cq = e and p = q — 1, 
resp. ((14(1 for ei = e and p = 1. 

We only show that Ve acts on ¥[U{g)]^, the proof for V°p is similar. Let y G f/(g) and 
ft G F[C/(g)]^. Develop 

(y<i/i) °P(e,e) = E Cmima??'"' 'X' J?"" and (y <, ft) o = ^ c„?7" . (15) 

mi , m2 ^T- 

By part (b), formulas (I13|l and (|14|1 . we find 

{Ke{t)AK,{i)^h)){y)^ E c™!™,^"^*'"^ (16) 

77117712 

First let e be a locally nilpotent one-parameter element. Let fci, ^2 G Nq. Because of 

{y<jh){x'''x''^) ^ (y<,ft)(x'=i+'=^ ) we find from 

7111 , III2 11 

Inserting in ((16(1 we get 

('*e(0 C> ('^e(^) [> ^)) (y) = ^ ^ C„ijm2^ ^ = ^ ^ Ctoj_|_„2 j j ^ ^ 

•■^ — ' -"^ — ' mi\m2\ 

mi,m2GNo r7ii,r7i2GNo 

= E E ^"^^T'f = E C7i(^ + tr. 

^-^ ^-^ mi!TO2! ^-^ 

ll^No Till , 1712 (ENq , nil +7112— 71 71GNo 

for all f G F. By part (b), formula ((13(1 . the last sum coincides with (Ke(t + ?) > h){y). 

Now let e be a diagonalizable one-parameter element. Let fci, A;2 G Nq. Because of 
{y^h){x^^x^^) = (y<,ft)(a;'=i+'=2) we find from ifT^ : 

E Crai'm2'm\^'m\'' ^ E c„ii„2 (exp(mir) (xj;'' )^ (^exp(m2r) (2:2^ ) 

mi,m2 mi,m2 

= Ecnexp(nT)(x^-^+^-^) = ^c„n'=^+'=^ 
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We may write these equations in the form 

^(Cmima - <5mim2 Cmi )»7l2^ = for all ki, ^2 6 Nq. 

mi \ m2 / 

Since only finitely many of the coefhcients Cmim2 snd c„ are non-zero, this is a interlocked 
double Van-der-Monde system. It follows 

Cmi?7i2 = for ^11 ™i: "^2, Til 7^ and c„„ = c,i for all n. 

Inserting in (|16|l we find 

{K,{t)^{K,{i)^h)) (y) - ^ £mim2^'"^^'"^ = E C"*"^^" 
mi , m2 n 

for all t, t G F^. By part (b), formula (|13|l . the last sum coincides with (Ke(tt) p. 
Let /i e F [C/(g)]^. Fix e, e e S \ {0}. Let ei, . . . , ep G \ {0}, p £ Nq. Develop 

n, ni , . . ., rip , n 

By part (b), formulas ifT^ and (^J), we find that <, (Ke(t) [> /i)) o P(ei, e^) as well as 

(Ke{t)>{Kg{i)^h)) o pi^^^^ equal 

5] cs„,...„^„rrr/^^ ® ■•■®ry;p for aU teFg, ieF^. 

n, ni , . . ., rip, n 

The Lie algebra g is generated by E. Therefore, the universal enveloping algebra U (g) is gen- 
erated by its subalgebras U(Fe), e G £'. It follows (^^(f) <, (Ke(t) ^ /i)) = (Ke(i) c, <, /i)) for 
allfe Fg, t e Fe. □ 



Theorem 2.15 (a) Suppose there exists an action of the Lie algebras g on F [G^J^, extending 
the actions 0) of the elements e E E, and an action of the Lie algebra on ¥ [Ge]^ extending 
the actions 0) of the elements e G _E. Then we get a U{g)°P (8> U{g)-equivariant embedding of 
algebras $ : F [GeI ^ F [U{g)l by 

:= (a:,/)(l) = (.T,/)(l) where / G F [G^]^, x G C/(g). (17) 

(b) Suppose there exists an action of the group Ge extending the actions flUl) of the groups 
Ve, e E E, and an action of G°j^ on F[[/(g)]^ extending the actions Ullp of the groups , 
e d E. Then we get a G^ x Gs-equivariant embedding of algebras S : F [J7(g)]^ — > F [G^;]^, by 

^{h){g) := {g^ h){l) - (g, h){l) where he¥ [t/(g)]„ g G Ge- (18) 

(c) If the assumptions of (a) and (b) are satisfied, then $ and S are inverse maps. 

Remark 2.16 (a) We have seen that F [Ge] C F [Ge]^, and F [C/(g)] C F [C/(g)]^. Recall that 
we get an isomorphism from F [Ge] to F [J7(g)], because F [Ge] is isomorphic to F [M], which 
is in turn isomorphic to F[[/(g)] by Theorem 2.14 of [M 4^ - This isomorphism is extended by 
the isomorphism from F [Ge]^ to F [[/(g)]^ given in part (c) of the theorem. 

(b) Suppose that every non-zero diagonalizable one-parameter element of E is {±)-diagonal- 
izable. Then |3|) extends to an action of g if and only if ^ extends to an action of . (These 
actions are related by (x <!/)*"" = —a;> (/*"") where a; G g, / G F[G£;]^, and inv denotes the 
comorphism of the inverse map ofGE ■) Similarly, ^lUp extends to an action ofGE if and only 
if ^11\) extends to an action of G°^ . (These actions are related by S*{g<ih) ~ {g^^) ^ {S* {h)) 
where g G Ge, G F [[/(g)],^, and S* denotes the dual of the antipode S of [/(g). J 
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Proof: To (a): Let / G F [Gb]^, ei, . . . , ep e E\ {0}, and p € N. Immediately from 
Proposition 12. 131 (b) follows ((ei • ■ • Cp) r> /) (1) = ((ei • • ■ ep) <i /) (1). Since U (g) is spanned by 
1 and the elements ei • • • ep, where ei, . . . , ep G E \ {0}, and p G N, this shows the second 
equality in l(T7|) . 

Let $ : F[G£;]r ^ t^(g)* be the linear map defined by Ijl?!) . Then <i> is C/(g)-equivariant 
because of 

(a;, $(/)) (y) - <i>(/)(2/x) = ((ya:)> /) (1) = (y. (a:, /)) (1) = (<i>(x, /)) (y). 

for all x,y & U{g), / G F [Gb]^. Similarly follows the J7(g)°P-equivariance of $. 

The elements of g act as derivations on F[G_b]^, since the elements e G -E \ {0} act as 
derivations. We find <i>(l) = 1. The linear map <& is also multiplicative: We have 

($(/) • $(/)) (1) = ($(/) ® <i>(/))(l ® 1) = ($(/)(l)) ($(/)(!)) = = *(//)(!) 

for all /, / G F [Gs]^. Now let a G C/(g) such that 

($(/)•$(/)) (a) = $(//)(«) 
for all /, / G F [Ge]^. Then for all a; G g, and /, / G F [Ge]^ we find 

($(/) • $(/)) (aa:) = (a;, ($(/) • $(/))) (a) = ((x, $(/)) • $(/) + $(/) • (a;, $(/))) (a) 
= ($(a;,/)-$(/) + $(/)-<i>(x,/)) (a) =<i>((x,/)/)(a) + $(/(a;,/))(a) =<i>(a:,(//))(a) 

= (x, $(//)) ia)^<fiff)iax). 

To show that $ is injective, and that its image is contained in F [C/(g)]^, it is sufficient to 
show: Let / G F [Ge]^- Let ei, . . . , ep G \ {0}, p G N. Develop 

f{KeAti)---K,^{tp))^ J2 Cn,...nJi' ■■■t;" for all U E , i = 1, . . . , p. (19) 

ni , . . ., rip 

Then we have 

<i>(/)°P(e„...,e,) = E c„i...„^77r®...®r7r- (20) 

ni , . . . , rip 

To prove this equation it is sufficient to show 

ni , . . ., rip 

for all fci, . . . , fcp G No. But this follows from part (b) of Theorem l2.13l 

To (b): Let h eW [U{g )]^. L et ei, . . . , ep G \ {0}, p G N, and 5, G 14^ , i = 1, . . . , p. 
Immediately from Theorcm l2 . 141 fb) follows {{gi ■ ■ ■ gp) t> h) (1) — {{gi ■ ■ ■ gp) <s h) (1). This shows 
the second equality in ((TH|l . 

For every h e¥ [U{g)]j. let S(/i) be the function on Ge defined by (|18|l . To show that S is 
injective, and that its image is contained in F [G^;]^, it is sufficient to show: Let /i G F [J7(g)]^. 
Let ei, . . . , ep G \ {0}, p G Nq. Develop 

^°/0(ei,...,e,) = E ('n.-npV'^' ^■■■^Vp"- (22) 
ni , . . . , rip 
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Then we have 

E{h) {Ki{ti) ■ ■ ■ Kp{tp)) = Cn,...n,tT ■■■tp' ^^v all G F^, , z = 1 , . . . , p. (23) 

rii, rip 

But this follows by the definition of S and part (b) of Theorem 12. 141 

The proof that S is a x Gfi-equivariant linear map, is similar to the proof that the 
map $ of part (a) is a t/(g)°P C/(g)-equivariant linear map. It remains to show that S is a 
morphism of algebras. It is not difhcult to check S(l) = 1 directly, or it is possible to use that 
formula HU implies Now let h,he¥ [U{g)]^. Let e = (ei, ...,ep) e{E\ {0})^, p € Nq. 
Develop 

n n n 

where n := (rii, . . . , Up) and 77— := ry"^ (8) ■ • ■ ® f^p''. Note also that only finitely many of 
the coefficients c„(/i), c„(/i), Cnihh) are non-zero. By Proposition l2.11l fb) we have pl{hh) = 
P*e{h)»p*eih). It follows 

Ck{hh) = Cm{h)cn(h) for all fc. 

m , n, m+n— fc 

Since H22() implies (|23|l from the last equations follows 

S{hh){Kjt)) = S(/i)(Ke(i)) S(/i)(Ke(t)) for all t G Fe. 
To (c): This follows because (UHl imphes and implies □ 

As the proof shows, the embeddings of the last theorem can be described nicely if E consists 
only of locally nilpotent one-parameter elements. We state this as a Corollary. Note also that as 
a particular case of Theorem l2.13l fb) we get the following Taylor formula for regular functions. 
It is valid independently of any assumptions concerning the actions of g and g°P on F [G^],,. 
Only the derivations lO and © are applied several times. 

Corollary 2.17 Suppose that E consists only of locally nilpotent one-parameter elements. 
Then for a regular function / G F [G^],. the following Taylor formula holds: 

^ki ^ ^ ^ ^kp 

/(exp(tiei) • • •exp(tpep)) = ^ Ck,...kp . . I 

with 

Ck.-kp = (e1^ A--- {el^ J)-- •)) (1) = (e^ , (• ■ • (e^^ , /) • • ■)) (1), 
where ei, . . . , Cp E E \ {0}, ti, . . . , G F, and p G No. 

Now the embeddings are described by reading the Taylor formula from the left to the right 
resp. from the right to the left. 

Corollary 2.18 Suppose that E consists only of locally nilpotent one-parameter elements. 

(a) Suppose that there is an action of the Lie algebra g on¥ [Ge]^ extending the action (0) 
of the elements e e E \ {0}. Then the embedding $ : F [G^;],^ F [C/(g)]^ of Theorem V2.15\ (a) 
is determined by 



t-i ' ' ' f'p 



ki\---kp\ 
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where / S F [G^]^, ei, . . . , ep £ E \ {0}, ti, . . . , tp G F, and p e Nq. 

(b) Suppose that there is an action of the group Ge on F [[/(g)]^ extending the action f j^J)) 
of the groups Ve, e e E\ {0}. Then the embedding E : F [U{g)]^ -> F [Ge]^ of Theorem Wm 
(h) is determined by 

{E{h)) (exp(tiei) . . . eMtpep)) = ^('i' ' ' ' ^p") f,'.''f, 



where /i G F [U{g)]^, ei, . . . , Cp e E \ {0}, ti, . . . , tp e¥, and p e Nq. 



3 Coordinate rings of matrix coefficients of integrable 
representations 

In this section we investigate and describe various coordinate rings associated to categories 
of integrable representations of Lie algebras. For linear algebraic integrable Lie algebra some 
of these coordinate rings have been already defined in "Kl" on the associated groups, but 
not further investigated. We work here in a more general situation, adapted to the Tannaka 
reconstruction. By using integrable representations of free Lie algebras we show, how some 
of the results on the shuffle algebra and on the algebra of polynomial functions on the free 
Kac-Moody group, which have been obtained by Y. Billig and A. Pianzola in |Bi, Pi| , fit into 
the context of the Tannaka reconstruction. 

Let g be a Lie algebra. Fix Ed, Ein C g such that E :— EdU £';„ generates g. 

Definition 3.1 A g-module V is called integrable (with respect to Ed and Ein) if the elements 
of Ed act diagonalizable by integer eigenvalues on V , and the elements of Ein act locally 
nilpotent on V . 

It is easy to check that submodules, quotients, sums, and tensor products of integrable 
g-modules are again integrable. For any g-module V there exists a maximal integrable g- 
submodule Vint of V , which we call the integrable part of V . (Take the sum over all integrable 
submodules of V . It is non-empty since {0} is integrable.) If V , W are g-modules then any 
g-equivariant linear map a : V —>■ W restricts to a g-equivariant linear map ai„t : Vmt — * W^mt ■ 



3.1 Integrable representations with full duals 

Assumption RRl: In this subsection we assume that g acts faithfully on the category 
of integrable g-modules. 

Then the categories Crr and {CrrY"^^^ satisfy our requirements for the Tannaka reconstruc- 
tion. As a particular case of Theorem 12 . 51 we obtain: 

Theorem 3.2 The pair Crr, {Crr)^^''^^ is very good for integrating g. Let Mrr be the corre- 
sponding Tannaka monoid. The group Grr generated by 

t" where e e Ed\{0}, t , and exp(te) where e e Ein\{0}, t e¥, 

is dense in Mrr- 

In the following we describe the coordinate ring ¥[AIrr], resp. its isomorphic restriction 

F [Grr] onto Grr- 

Denote by F [U{g)]^^ the algebra of matrix coefficients of Crr, {CrrY^''^ on /7(g). By Theo- 
rem 2.14 of |M 4j we get a C/(g)°P ® t/(g)-equivariant isomorphism of algebras 5* : F [Mrr] 
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IF [[/(g)],, by 

^if)ix) = {x^f){l) = {x^f){l) where / G F [M„], x G [/(g), 

resp. by 

"^{ftpv) — 9<jiv where (j) €V* , v V integrable . 

Theorem 3.3 The algebra of matrix coefficients F[C/(g)]j,^ of Crr, [CrrY^^'' on [/(g) is the 
integrable part of the g-module C/(g)*. 

Proof: For this proof denote the integrable part of the g-module [/(g)* by [/(g)*^. The 
inclusion F [U (g)],, Q U (g)*, follows immediately, since the functions of F [U (g)],, are matrix 
coefficients g^y with (p ^ V* , v ^ V , and V integrable. 

To show the inclusion [/(g)*, C ¥[U{g)]^^ fix an element h G J7(g)*,. The g-submodule 
V :— U{g)t.h of [/(g)*, is integrable. Choose a base {xj)^h, xj G [/(g), j G J, of V. Let 
(f>j & V* , j ^ J, such that (f)i{{xj)ch) = Sij, i,j G J. For a; G [/(g) we can develop 

x^h — Cj {x) {xj ) |> h 
j 

with coefficients Cj{x) G F, Cj(x) ^ for only finitely many j G J. Set 

</.:=^Ma^,)<^, GF*, 

3 

where the possibly infinite sum is interpreted in the obvious way. For all x G U (g) we find 
94>h{x) = (t){xt>h) ^^Cj{x)h{xj) = |^^Cj(a;) {xj)c.h^ (1) = {xt>h){l) = h{x). 

□ 

Recall the coordinate ring F [Grr]r of regular functions on G,, and its properties from 
Definition 12 . 71 and Proposition l2.8l 

Definition 3.4 A function / G F [G,,]^, is called restricted regular if 

Kg {{G°'r) < /) 

spans a finite- dimensional linear suhspace of¥ [Fg] for all e E {E \ {0})^ and p G N. Denote 
by F [G,r]^^ the set of restricted regular functions. 

For an integrable g-module V, v E V, and (j> E V* we denote the restriction of the matrix 
coeflticient /^.y : /V/„ F onto G„ also by /^y. 

Proposition 3.5 faj F [G,,]^,, is a coordinate ring without zero divisors. Left and right mul- 
tiplications with elements of Grr induce comorphisms o/F[G,r]^^. 

(b) Let V be an integrable g-module and V* the full dual. The matrix coefficients ofV and 
V* on Grr are contained in F [G,,]^^. 
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Proof: To (b): Let v € V and (/) G V*. LetpeN,ee{E\ {0})p. Since the elements of Ed 
act diagonahzable by integer eigenvalues on V, and the elements of Ein act locally nilpotent 
on V, there exist elements Vki---kp G V, Vk^...^^ ^ for at most finitely many fci, . . . , fcp, such 
that 

Keiti, ■ ■ ■ , tp)v = ^ Vk^...kpt\^ ■■■tl" for aU (ii, . . . , ip) e F^. 

It follows 

{g^Uv) (M^i, ■ ■ • , ip)) = 't'i9Vk^-kp)t\' ■■■t^/ for aU g e {h, . . . , ip) £ Fe- 

This shows that f^y : Grr ^ F is restricted regular. 

To (a): It is easy to check that F [Grr]rr algebra, and the left and right multiplications 
with elements of Grr induce comorphisms of F [Grr]rr- There are no zero divisors of F [Grr]rrJ 
because it is a subalgebra of ¥[Grr]rJ which has no zero divisors by Proposition 12.81 It re- 
mains to show that F [Grr]rr point separating on Grr- This follows from (b), and from the 
definition of G^r, since the full dual V* of an integrable g-module V is point separating on V. □ 

We call a G^r-module V dijferentiable if for every v G V and for every e & E \ {0} the 
following holds: 

• li e G Ed \ {0} then t^v is Laurent polynomial in t e F^ with coefficients in V. 

• If e e Ein \ {0} then exp{te)v is polynomial in t G F with coefficients in V. 

For a differcntiable Grr-module V, v G V, and (p G V* define the matrix coefficient f^y : 

Grr -> F by f4,v{g) := (/-(ffw), g G Grr- 

Theorem 3.6 The algebra of restricted regular functions ¥ [Grr]rr coincides with the algebra 
of matrix coefficients of differcntiable Grr-modules and their full duals. 

Proof: (a) We first show that Grr acts differcntiable on every Grr-invariant subspace V 
of F [Grr]rr- ^ct 6 G Ein \ {0}. Lct / G F. Siucc / is restricted regular, there exists a positive 
integer N <eN, such that for all g G Grr we have 

N 

(exp(te)c./)(g) = /(gexp(te)) = {g ^ f){exp{te)) = ^aj(g)t-' where a^{g) G F, te¥. 
The linear system of equations 

N 

exp(me) > / = m'^ak where m = 0, 1, . . . , iV, 

which is a Van-der-Monde system, can be solved for Oq, . . . , ajv, showing that these functions 
are Q-linear combinations of the functions exp(Oe) [> /, . . . , exp(A^e) o / contained in V. In 
particular the functions ao, . . . , on belong to V. 

Similarly, if e G E'd \ {0} and f V then {t'^)t>f is Laurent polynomial in t G F^ with 
coefficients in V . 

(b) It is easy to check that every matrix coefficient of a differcntiable G^r-module and its 
full dual is contained in F [Grr\rr- let / G F [G^rl^r- ^et V be the F-linear subspace of 

^[Grr\rr generated by the functions {Grr)>f- By part (a) of this proof the G^r-module V 
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is difFerentiable. Now we proceed in a similar way as in the proof of Theorem 13.31 Thin out 
{Grr)>f to a base {gj)\>f, j £ J, of V. Let 0j € V* , j e J, such that (j}j{{gi)t> f) — 6ij, 
i,j e J. For 5 e Grr the function g^,/ can be written in the form gi>f = '^jCj{g) {gj)t>f 
with Cj{g) e F, Cj{g) ^ for only finitely many j G J. Set J2j f{9j)'l>j £ where the 
possibly infinite sum has to be interpreted in the obvious way. Then for all g G Grr we have 

□ 

If is a differentiable Grr-module then every e G -E \ {0} defines an endomorphism of V 

by 

f ^It^ii^i' if eGS<i\{0} 
ev := < , 

[ i\t=oeMte)v if eeEin\{0} 

To show that F [Grrl^^ coincides with F [Grr] we need: 

Assumption RR2: In the rest of this subsection we assume that every differentiable Grr- 
module V gets the structure of an integrable g- module by (|24|l . 

Remark 3.7 For the groups associated to the integrable complex Lie algebras in [Kll, ^1.5, 
this assumption has been formulated as a conjecture, even for analytical differentiable actions. 

If this assumption holds then the category of integrable g-modules is isomorphic to the 
category of differentiable Grr-modules. By Theorem 13.61 we get: 

Corollary 3.8 The coordinate ring¥ [Grr] coincides with the algebra of restricted regular func- 
tions ¥ [Grr]rr- 



where v G V. (24) 



3.2 Integrable representations with point separating integrable duals 

Similarly as for a g-module, we call a g°P-module V integrable if the elements of -E^ act 
diagonalizable by integer eigenvalues on V, and the elements of £"/„ act locally nilpotent on V. 

If V is an integrable g-module we call the g°''-integrable part of V* the integrable dual 
V^*'' of V. Note that the integrable dual V^*^ does not have to be point separating on V. For 
example let g be a one-dimensional abelian Lie algebra spanned by i? = i?;„ = {e}. Let V be 
a linear space with base &„, n G No, on which g acts by 

ebn := fo„-i for n G N, and ebg := 0. 

Define 0„ G V* , n G No, by 0„(6m) ~ Snm, n,m ^ No- The elements of V* identify in the 
obvious way with the formal sums X^neNo ^■n'f'm where c„ G F. The dual map e* acts on such 
an element by 

e* ^ c„0„ = ^ c„(^„+i. 

nGNo nGNo 

This implies that if G \ {0} then (e*)"</> ^ for all n G No- It follows = {0}. 
If V is an integrable g-module then 

Vo:={ v<^V[ (j){v) = for aU G V'-*^ ] 
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is a g-submodule. The quotient V/Vq is an integrable g-module. Its integrable dual {V/Vq)^*^ 
identifies with V^*^ in the obvious way. In particular it is point separating on V/Vq. 

Assumption DRRl: In this subsection we assume that g acts faithfully on the category 
Cdrr of integrable g-modules V, for which the integrable dual y^*-* is point separating on V. 

It is easy to check that the integrable duals of the objects of Cdrr give a category of duals 
(CdrrY"^ as needed for the Tannaka reconstruction. As a particular case of Theorem 12.51 we 
obtain: 

Theorem 3.9 The pair Cdrr, (CdrrY"* is very good for integrating g. Let Mdrr he the associ- 
ated Tannaka monoid. The group Gdrr generated by 

t"" where e £ Ed \ {0}, t £ F^, and exp(te) where e G Ein \ {0}, i G F, 

is dense in Mdrr- 

In the following we describe the coordinate ring F[Mdrr], resp. its isomorphic restriction 
F [Gdrr] onto Gd rr . 

Denote by F [C/(g)]^,.^ the algebra of matrix coefficients of C^rr, {CdrrY^^ on U{g). By The- 
orem 2.14 of |M 4| we get a f/(g)°P (X> C/(g)-equivariant isomorphism of algebras 5* : F [Mdrr] 
F[f/(g)]d„ by 

*(/)(.t) = (x,/)(l) = {x^f){l) where / £ F[Md„], x e [/(g), 

resp. by 

*(/0i>) = 9<pv 

where V is an integrable g-module with point separating integrable dual V^*\ v £ V, and 

Theorem 3.10 The algebra of matrix coefficients ¥ [U{g)]^^^^ of Cdrr, (Cdrr)™* on [/(g) is the 
g°P and g-integrable part o/[/(g)*, i.e., the sum over all g°'° and g-integrable submodules of 

uis)*. 

Proof: For this proof denote by U {s)drr ^'^^ g- integrable part of U (g)* . The inclu- 

sion F [[/(g)]^rr ^ ^(g)drr follows, bccausc the functions of F [[/(g)]^,.^ are matrix coefficients 
gtpv with e t/(*', V £V, where V and t/'*^ are integrable. 

To show the inclusion [/(g)drr ^ ^WisYdrr element h e [/(g)J^^. The g-module 

V :— U (g) o ft, is integrable. Similarly as in the proof of Theorem l3.3l we find an element cj) ^ V* 
such that 

(f){x t> h) — h{x) for all xe[/(g). 
Equip V* in the usual way with the structure of a g°^ resp. [/(g)°P-module. We find 

(y0)(xt> h) = (/)(y> {xt,h)) = {xt,h){y) = h{yx) = (y<] h){x) (25) 

for all x,y € U{g). Regard the g°'°-submodule U{g)°P(j) of V*. We get a g°J'-equivariant 
injective linear map 

r, : [/(g)°f </> ^ [/(g)S„ 

by r]{ip){x) :— V'(a;>/i) where V' G [/(g)°^(/) and a; £ f^(g)- Since [/(g)^^^ is integrable as 
gop_niodule also U (g)°^(/> is integrable as g°P-module. 
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Now we show that U{g)°'''(j> separates the points of V. Let x S U{g) and consider the 
element Xt>h V. If 

iyc^){x^h)^0 for aU y e [/(gr, 

then by we get h{yx) — for aU y G U{g). This is equivalent to x,>h = 0. 

Therefore we have shown h = g^h with h £ V, <j) & F^*-*, V integrable, and V^*'' point 
separating on V. □ 

Recall the coordinate ring ¥[Gdrr]r regular functions on Gdrr and its properties from 
Definition 12 . 71 and Proposition l2.8l 

Definition 3.11 A function / G F [Gdrr],, is called doubly restricted regular if 

'^liidZr) < f) as well as kI{{G drr) > f) 

span finite- dimensional linear subspaces o/F [FJ for all e e (i? \ {0})^ and p E N. Denote by 
F [GdrAdrr '^f douhly restricted regular functions. 

We define differentiable Gdrr-modulcs in the same way as for Grr- For every Gdrr-module V 
there exists a maximal differentiable submodule Vdiff, the differentiable part of V. Similarly we 
define differentiable G^^^-modules. If 1^ is a differentiable Gdrr-module then the differentiable 
dual is the G°P^-differentiable part of V*. 

To show that F [GdrAdrr coincides with F [G^rr] we need the following assumption: 

Assumption DRR2: In the following part of this subsection we assume that every differ- 
entiable Gdrr-module V, for which the differentiable dual separates the points of V, gets the 
structure of an integrable g- module by (|24|l . 



Theorem 3.12 The coordinate ring F [G^rr] coincides with the algebra of doubly restricted 
regular functions F [GdrAdrr- 

Proof: (a) Let V be an integrable g-module such that the integrable dual t^^*-* is point 
separating on V. It follows similarly as in the proof of Proposition 13.51 (b) that the matrix 
coefficients of V and F*^*^ on Gdrr are contained in F [Gdrr]drr- 

(b) In the same way as in part (a) of the proof of Theorem 13.61 we find that G^^^ acts 
differentiable on every G^^^-invariant subspace F of F [Gdrr]drr- 

(c) Let / e F [Gdrr]drr- ^ similar proof as for Theorem 13 . 61 there exists an differentiable 
Gdrr-module W, there exist w eW and </> G W* , such that W is spanned by GdrrW, and 

(f>{gw) = f[g) for aU g £ Gdrr- 

Let G^^j, act on W* in the obvious way. We get 

h(j){gw) = (j){hgw) ^ f{hg) ^ {h^f){g) for all gJiEGdrr- (26) 

We show that is contained in the differentiable dual VF^*^: Let U be the subspace of W* 
spanned by G'^^cj). Because of (1^ we get an injective G^^j,-equivariant linear map rj : U 
^ {Gdrr]drr vWig) ■= ^{gw), where t/j eU and g e Gdrr- By part (b) of this proof G°^^ 
acts differentiable on the image of rj. Therfore it also acts differentiable on U. 

If is not point separating on W then Wq :— { w E W \ = for all V' G VF^*^ } is 

a Gdrr-submodule of W . The space identifies with the point separating differentiable dual 
of the differentiable G^rr-module W/Wq in the obvious way. By assumption DRR2, W/Wq 
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is an integrable g-module. Furthermore it follows that its g°''-integrable dual contains the 
G^^^-differentiable dual. In particular, the g°P-integrable dual is point separating on W/Wq. 
Furthermore, we have 

fig) = (k{9w) = 4>{9{w + Wo)) for all g e Gdw 

□ 

3.3 Finite-dimensional integrable representations 

It is easy to check that for a finite-dimensional integrable g-module V the integrable dual V^^*-* 
coincides with the full dual V* . 

Assumption FRl: In this subsection we assume that g acts faithfully on the category Cjr of 
finite-dimensional integrable g-modules. 

As a particular case of the Theorem 12 .51 we obtain: 

Theorem 3.13 The pairCfr, {CfrY^* = {Cfr)^^''^ is very good for integrating g. Let Mj,. be 
the associated Tannaka monoid. The group Gfr generated by 

t" where e £ i?d \ {0}, i £ , and exp(te) where e G £';„ \ {0}, t G F, 

is dense in Mjr- 

In the following we describe the coordinate ring F [Mfr], resp. its isomorphic restriction F [Gfr] 
onto Gfr- 

As a particular case of Theorem 2.22 and Theorem 2.23 of |M 4j we obtain: 

Theorem 3.14 Mfr is a group. The coordinate ring ¥[Mfr] is in the natural way a Hopf 
algebra. The set Mfr identifies with SpecmW [Mfr]. The linear space Lie{Mfr) identifies with 
Deni¥ [Mfr]). 

Denote by F[[/(g)]^^ the algebra of matrix coefficients of Cfr, (C/r)™* = (Cfr)-^"" on 
[/(g). By Theorem 2.14 of |M 4| there is a U{g)°P (8) [7(g)-equivariant isomorphism of algebras 

* : ¥[Mfr]^¥[Uig)]f^ given by 

^{f){x) = {x,f){l) = (.T,/)(l) where / e¥[Mfr], x G f/(g), 

resp. by 

'^{f<t>v) = g4>v where 4> ^V* — V''*\ v ^V, V finite-dimensional and integrable . 

Theorem 3.15 The algebra of matrix coefficients ¥ [U i^)] ^ ^ ofCfr, (C/v)*"* = (C/r)-'^"" on 
[/(g) consists of the elements f G [/(g)*, such that [/(g) >/ is a finite- dimensional integrable 
g-module. 

Proof: For this proof denote by [/(g)j^ be the set of elements / G [/(g)*, such that 
[/(g) / is a finite-dimensional integrable g-module. The inclusion F [U (g)]^^ ^ [/(g)^^ follows 
immediately, since the functions of F [[/(g)] are matrix coefficients g^^ with (f) G V* , v ^ V, 
and V a finite-dimensional and integrable g-module. 

To show the reverse inclusion fix an element h G U (g) J^- The submodule U (g) ^hoiU (g) 
is integrable and finite dimensional. Similarly as in the proof of Theorcm l3.3l wc find an element 
4> G ([/(g) [>/i)* such that grfth = h. □ 

Recall the coordinate ring ¥[Gfr], of regular functions on Gfr and its properties from 
Definition 12 . 71 and ProDOsition l2.8l 
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Definition 3.16 A regular function f : Gjr —>■¥ is called finite regular if 



(GYr) <i / o,s well as 



{Gfr)t>f 



span finite- dimensional linear subspaces o/F [Gfr]^- Denote by F [G/r]^^ the set of finite regular 
functions. 

We define difFerentiable G/r-modules in the same way as for Grr- To show that F [Gfr]^^ 
coincides with F [G fr] we need the following assumption: 

Assumption FR2: In the following part of this subsection we assume that every finite- 
dimensional diflerentiable G/^-module V gets the structure of an integrable g- module by 

Theorem 3.17 The coordinate ring F[G/r] coincides with the algebra of finite regular func- 
tions F [Gfr]j^- 

Proof: Let ^ be a finite-dimensional integrable g-module. Obviously the matrix coeffi- 
cients of V and V* = y(*) on Gjr are contained in F [G fr] f ■ 

Let / e F [G/r]y^. Similarly as in the proof of Theorem 13.61 follows : The finite-dimensional 
F-linear subspace generated by {Gfr)r>f is a differentiable G/r-module. By Assumption FR2 
it gets also the structure of an integrable g-modulc. Similarly as in the proof of Theorem 13. 61 
we find an element (f) G ((G/r) & /)* such that f — f^f- □ 

For a integrable g-module V define the support of V by 



Sometimes the category Cffr of finite-dimensional integrable g-modules with finite support is 
more important than the category Cfr of finite-dimensional integrable g-modules. There are 
slightly modified definitions and similar theorems as for the category Cfr- Because it is easy 
to derive, we omit it. 

3.4 Example: Free Lie algebras 

Let g / {0} be a free Lie algebra in the elements of a set E. Set Ein '■— E and Ed := 0. 

Let W be the monoid of words in the elements of E. We denote the empty word, which is the 
unit of W, by 1. For a word w — 6162 • • • e^, where ei, 62, . . . , £ i?, we call l{w) := fc G No 
the length of w, and supp{w) :— {ei, 62, . . . , e^} C E the support of w. We set 1(1) := and 
supp{l) = 0. 

Recall from Chapter and Chapter 1 of that the universal enveloping algebra C/(g) 
identifies with the monoid algebra of the monoid of words W over the field F. 

The assumptions RRl, DRRl, and FFRl: To show that the assumptions RRl, DRRl, 
and FFRl are satisfied it is sufficient to show that U (g) acts faithfully on the finite-dimensional 
integrable g-modules with finite support. 

Let X = ciwi -!-••■ + c,nWm e C/(g) \ {0}, where Ci G F \ {0}, and Wi G W. Set N := 
max™ l{wi) G No, and J :— lJi!Li supp{wi). The set J is a finite subset of E. Let Vn{J) be 
a F-linear space with base bw, where u; G W with l{w) < N and supp{w) C J. It is finite 
dimensional. The universal enveloping algebra U{g) acts on Vat (J) by 



supp{V) := { e e E \ ev ^0} . 




'WW 







if supp{w) C J and l{w) + l{w) < N 
else 
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This action restricts to an integrable action of the Lie algebra g on Vat (J). The support of 
Vn{J) is finite. Now we have 

m 

xb(ii = ^ Cib^^ ^ 0. 

i=l 

The assumptions RR2, DRR, and FFR2: The assumptions RR2, DRR2, and FFR2 
are trivially satisfied, because the Lie algebra g is free in the elements of E. 

The groups Grrt Gdm and Gffr- Recall that for e G _E we denote by Fg be the additive 
group F. Recall from Remark 12.61 that the groups Grr, Gdrr, and Gffr are homomorphic 
images of the group 

Gfree '■= '^eG-B Fg, 

the homomorphisms Kfree induced by the maps Hfree{te) '■— exp(tee), G Fg C Gfree, e €: E. 
To show that the groups Grr, Gdrr, and Gffr are isomorphic to Gfree, it is sufficient to show 
that the action of Gfree on the finite-dimensional integrable g-modules with finite support, 
which is induced by Hfree, is faithful. 

Every element of Gfree \ {1} can be written in the form 

tep * te2 • ■ ■ * tei 

where ei, 62, ■ ■ ■ , Cp € E with ei 62 7^ • • • ^ Bp, and te^ G Fg^ \ {0}, j — 1, ■ ■ ■ , p, and p G N. 
Let V{eie2 • ■ ■ Bp) be a finite-dimensional F-linear space with base bo, bi, . . . , bp. Define an 
action of the free Lie algebra g on V{eie2 ■ ■ ■ Cp) by defining the action of the generators E on 
the base bo, bi, . . . , bp-. 

ei&o 6261 := 62, epbp-i := bp, 

and in all other cases the elements of E act by zero on the elements of the base. The g-module 
V{eie2 • ■ • Cp) is integrable. It support is finite. Since ef acts by zero, i ~ 1, . . . , p, we get 

Kfreeitep * ^ea ' ' ' * ^eJ^O = exp(tepep) • • • exp(te2 62 ) exp(iej Ci )&o 
= (I + tepCp) • • • (I + te2e2)(l + te^ei)bo 

= 60 + a linear combination in 61, . . . , 6p_i + 

The group Gfree coincides with the free Kac- Moody group !F{¥) defined in |Bi, Pi| . 

The coordinate rings of regular, restricted regular, and doubly restricted reg- 
ular functions: For the rest of this subsection we identify Gfree with Grr, Gdrr, and Gffr- 
The algebras of regular functions on Grr, Gdrr, and Gffr coincide. Therefore, we have the 
coordinate rings 

F [Gfree]ffr ^ ^ [Gfree^rr ^ ^ [Gfreelr ^ ^ [Gfreel- 

Since g is free in the elements of E, and Gfree is the free product of the groups Ve, e ^ E, also 
the assumptions of Theorem 12. 151 fa) and (b), resp. Corollarv l2.18l fal and (b) are satisfied. 
Therefore these coordinate rings are ?7(g)°P O [/(g)-equivariant isomorphic to the algebras 

F [f/(g)]/^, C F [(7(g)],„ C F [U{g)]„ C F [U{g)l. 

(a) By ProDOsition l2.12l the algebra F [C/(g)]^ consists of the set of elements h S U{g)* such 
that for all p G N, and for all ei, . . . , Cp G E we have 

h{e'l^ • • • e^'p) ^ for at most finitely many ki, . . . , kp e No- 
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Note also that h{e'l' ■ ■ ■ ep") = (^{e'l' ■ ■ ■ Cp" ) „ (1) = ((e^ • • ■ ep") ^ /i) (1). 

(b) The algebra F [U (g)]^^ consists of the set of elements h e U{g)* such that for all p £ N, 
and for all ei, . . . , Cp G i? we have 

{ci^ ■ • ■ Bp") t> /i 7^ for at most finitely many fci, . . . , /cp e Nq. 

(c) The algebra F [U (g)]^^^ consists of the set of elements h G U{g)* such that for all p £ N, 
and for all ei, . . . , Bp G we have 

{ci^ ■ ■ ■ ep*") > h ^ for at most finitely many fci, . . . , kp S Nq, 

and {ci^ ■ ■ ■ Bp'') <] h ^ for at most finitely many ki, . . . , kp £ No- 

By Theorem 12. 151 resp. CoroUarv 12 . 1 81 we get an U{g)°P J7(g)-equivariant isomorphism 
of algebras $ : F [Gf reel ^ P{g)l by 

m){x):^{x^f){l)^{x^f){l) where f e ¥ [G freel, x e U{g). 

It restricts to the isomorphisms between F [Gfree]„ ^nd F [U{g)]^^, F [Gfree]^^ ^^^^ ^ (g)]drr' 
as weh as F [Gfree]j:„ and F [U{g)]j^^. Its inverse : F [C/(g)]^ ^ F [G/ree]^ is obtained by 
the Taylor formula 

^-\h){cMtiei)---eMtpep))^ ^ '^('^i' ■ ■ ■ 4') fl'.'.'.Yr (^T) 

fci,...,fepGNo ^' P' 

where h e¥ [U{g)l, ei, . . . , Cp e E, and ti, . . . , tp e¥. 

The algebra F[G/ree]^ coincides with the algebra of polynomial functions Pol^(F) of 
|Bi, Pi| . The fact that the algebras ¥[Gfree]r ^^^^ ^ [f^(s)]r isomorphic is about equiv- 
alent to the description of PolJ-"(F) obtained in Theorem 2.12 (i) and Theorem 3.7 (iii) of 
iBTPil - 

The algebra F[C/(g)]^j^ contains, but is in general different from the shuffle 
algebra: The algebra U{g)* can be described as follows, compare ^ or check directely. For 
w £ W define 

(f>w e U{g)* by (f>w{'uj) S^^, we W. 

The linear space f/(g)* identifies with Iltuew^'^"'- "^^^ algebra structure of C/(g)* is obtained 
by extending in the obvious way the products 

(I1J2) 

where wi, W2 £ W. Here the sum runs over the tuples of sets (/i,/2) which satisfy /1U/2 = 
{1, 2, . . . , [{w) + l{w)} and = l{wi), I/2I — l{w2)- The word w{Ii,l2) is defined by the 
property that the subword determined by Ii is wi, and the subword determined by I2 is W2- 
It is called a shuffle of wi and 'W2 ■ 

The action tt of U{g)°P U{g) on U{g)* is obtained by extending 

, , , f 0r if there exists r £ W such that w = W1TW2 

7rK®u;2)<^» = | else 

where wi, W2, w £ W. 
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The shuffle algebra is a L'^(g)°P ® ?7(g)-invariant subalgebra of (7(g)* defined by 

The shuffle algebra F[t/(g)]g^ is contained in F [[/(g)]^^^. To show this it is sufficient to 
show G F [C/(g)]yy^ for all w G W. For a word w = 6162 ■ ■ ■ ep, where ei, 62, . . . , Cp G E', 
set 

r-cut(w) =: {1, ei, 6162, 616263, (6162 • • • 6p)}. 
Set r-cut(l) := {1}. Then 

w^'r-cut{w) 

is a finite-dimensional integrable g-module. By definition it follows 0^, G F [[/(g)]^^^. 

For \E\ > 2 the shuffle algebra F [[/(g)]^,^ is a proper subalgebra of F [[/(g)] j^^. To show 
this we may restrict to i? = {61, 62}. Let V be the integrable g-module with base &i, &2, such 
that 

61&1 = 0, 6162 = bi and 6261 — &2, 6262 — 0. 
Let rj eV* defined by ?7(&i) = r]{b2) = I- Then 

^ [U{g)] fr 3 g»?fcl 01 + + 06162 + 0626162 + 06i626i62 + 062 61 62 61 62 H ^ 1^ [U (g)]^,^- 

It is well known that the shuffle algebra can be realized as the coordinate ring of the free 
unipotent algebraic group, compare |L, Ma| , |Maj . and also |Pi 2| . For some different approach 
by free Kac-Moody groups compare jPi Ij . |Bi, Pi| . As a supplement we show that these 
approaches and these results, over a field of characteristic zero, fit nicely into the situation of 
the Tannaka reconstruction, and can be derived easily by the methods developed so far. 

A representation theoretic interpretation of the shuffle algebra: Let Csh the cat- 
egory of finite-dimensional g-modules V with the following property: For every v d V there 
exists an integer G Nq, and a finite subset J of E, such that wv 7^ at most for w G W 
with l^w) < N and supp{w) C J. In particular, such a g-module V is integrable and has a 
finite support. Since the g-modules contained in Csh are finite-dimensional, the only possible 
category of duals is (Cs/i)-^"". 

The Lie algebra g acts faithfully on Csh, since it acts faithfully on the g-modules Vn{J), 
N gNq, J C E finite, which belong to Csh- By TheoremEHl and by Theorem 2.23 of ' M^ we 
obtain: The pair Csh, {Csh)^^^'' is very good for integrating g. The associated Tannaka monoid 
Msh is a group. The subgroup Gsh of Msh generated by 

exp(t6) where 6 G i?, t G F, 

is dense in Msh- The coordinate ring F [A/^/J is isomorphic to its restriction F [Gsh] onto Gsh- 

Similarly as above, the group Gfree is isomorphic to Gsh- The reason for this is that the 
g-modules V{e\e2 ■ - ■ 6p), 61, 62, . . . , 6p G E', e\ ^ 62 • • • / 6p, p G N, also belong to Cgh- 
Identifying Gfree with GsH, we denote by F [G/f.66].,^ the coordinate ring F [Gsh]- 

By Theorem 2.14 of |M 4j we get a J7(g)°P ® J7(g)-equivariant embedding of algebras ^' : 
F [Msh] C/(g)* by 

'^{fr]v){x) ■— r]{xYv) where 77 G V* , v ^ V, V an object Csh, x G [/(g). 
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The image of ^ is ¥ [U{g)]^i^, which can be proved as follows: The inclusion [Msh]) Q 
¥[U{g)]g^ follows immediately from the properties of the g-modules belonging to Csh- The 
inclusion F[?7(g)]g^ C \I'(F[Ms/i]) holds, because the matrix coefhcients of Vn{J) give via 
the subspace 

weW, supp{w)CJ. l{w)<N 

of F [f/(g)]g^- Every element of F [[/(g)]^,^ is contained in such a subspace for some N G No, 
and some subset J C E finite. 

In particular, from this description follows 

F [G/reel^/j = F/^„ and fwjw2^ ^ fwihM)^ wi, u'2 £ W, 

where as above w{Ii,l2) runs over the shuffles of wi and W2. By the Taylor formula the 
function := ^'^^(0^) Icfrcc satisfies, and is determined by 

/u, (exp(tiei) • • •exp(ipep)) = ^ 0«,(ei' 

for all d, . . . , Bp € E, p € N, and ti, . . . , tp £¥. 

By Proposition 2.9 of |Bi, Pi| the functions /„, w £ W, coincide with the functions , 
w eW, defined in |Bi, Pi| . In particular, the algebra of matrix coefHcients F [Gfreejgfi on Gfree 
coincides with the subalgebra X{¥) of Pol J^(F) described in Theorem 3.7 (ii) of |Bi, Pi| . 

The group Msh and the Lie algebra Lie{Mgh)- By Theorems 2.22 and 2.23 of 

the Tannaka monoid Msh is a group. It identifies as a set with SpecmF [M^^,]. Furthermore, 
Lie{Msh) identifies as a linear space with Deri{¥ [Msh])- The algebra ¥[Msh] is isomorphic 
to the shuffle algebra, which is well investigated. In particular, the group Msh is described in 
[R]. Theorem 3.2. The Lie algebra Lie{Msh) is described in |Pi 1| . Theorem 4.7 (ii). 

In case of a finite generating set E we indicate how these descriptions can be also obtained 
from the theorems developed above for the Tannaka reconstruction. The free Lie algebra g acts 
locally nilpotent on every module V contained in Csh- Recall that we denote by g*^, k G No, 
the lower central series of g. Recall that for fc e No we defined an ideal Ik of g, which contains 
g'', by 

Ik = { X n \ xVk = {0} for all modules V of Csh } , 

where Vk := { v € V \ xqXi • ■ • XkV = for all xq, xi, . . . , Xk € g }- It is not difficult to check 
that the kernel of the representation Vk{E) of g, which has been defined above, is g''". Since 
{Vk{E))k = Vk{E) we find h = g''. By Theorem 2.28 of [M^ the Lie algebra Lie{Msh) is 
the pro-nilpotcnt Lie algebra corresponding to the lower central series g'"' of g, which in turn 
identifies with the Lie algebra of Lie series, compare R , Chapter 3, Section 1. The group Msh 
is the corresponding pro-unipotent pro-algebraic group. 

Open questions: We leave it for further research to determine Mm Mdrr, Mffr, and the 
corresponding Lie algebras in the nontrivial case \E\ > 1. (For \E\ = 1 these monoids and 
their coordinate rings coincide with the additive group F equipped with its coordinate ring of 
polynomial functions.) 

It may also be interesting to describe the Hopf algebra F [U (g)]^^^ combinatorially. Looking 
at the representations of g we used so far it seems that the matrix coefficients of F [Gfreelffj. 
and ¥[Gfree]sh I'ssp. F[C/(g)]^y^ and F[[/(g)]^^ can be related to representations of certain 
quivers with and without certain sort of circles. 



'■1 



P 
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^ fci!---fcp! 
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3.5 Example: Kac-Moody algebras 

Let g be a symmetrizable Kac-Moody algebra over a field F of characteristic zero, associated to 
a generalized Cartan matrix A = (aij)ij^i with finite index set /. The construction of g, see 
for example |K2| . Sectionl, provides us with a Cartan subalgebra h of g, as well as elements e^, 
/i, which span the root spaces g^,., g_c(., corresponding to the simple root a^, « £ /. Choose 
a coweight lattice H of h, and weight lattice P of h* as described in Chapter 1 of |M 1| . 

Set Ed := H and £';„ = { e,, /i | i G / }. A g- module V is integrable with respect to 
and Ein if and only if: 

• V has a weight space decomposition V — ©AeP(y)^A with respect to h, where the set of 
weights P{V) is contained in P. 

• The elements e^, fi act locally nilpotcnt on V for all i G /. 

To use later, note that instead of Ed '■— H and i?;„ — { &ii fi \ i £ I } equivalently we could 
have taken Ed := H and £';„ = UaeA Sq: where g„ denotes the root space of the real root 
a S Are- (Note also: If the generalized Cartan matrix A is degenerate, then the definition of 
integrable which we use here is slightly more restrictive than the definition of integrable given 
in |K,P 1| , which is integrable with respect to Ed = ^ and Ein — { ei, fi \ i £ I }. We use this 
definition here, because it allows to integrate the full Kac-Moody algebra g in a reasonable 
way.) 

Assumption RRl is satisfied, since g acts already faithfully on the integrable irreducible 
highest weight modules. Assumption DRRl is satisfied since the integrable duals of the inte- 
grable irreducible highest weight modules, which coincide with the restricted duals, are point 
separating. If g is infinite-dimensional then Assumption FRl is not satisfied: If tt : g ^ End{V) 
is a finite-dimensional representation, then the intersection of the kernel of tt with every infinite- 
dimensional component of g is an infinite dimensional ideal of this component. By )K2| . 
Proposition 1.7, which is also valid for a field of characteristic zero, the kernel of tt contains 
the derived Lie algebras of the infinite-dimensional components of g. 

The (minimal) Kac-Moody group G, compare for its definition for example |M 1| . Section 
1, identifies with Grr- (The (minimal) Kac-Moody group defined in |K,P 1| coincides with the 
derived group G". Most of the theorems which hold for G" can be easily adapted to the group 
G.) With |K1| . Corollary 4.4, it follows that G acts faithfully on the integrable irreducible 
highest weight modules. Therefore, G also identifies with Gdrr- With |K1| . Section 2, it 
follows that Assumptions RR2, DRR2 are satisfied. 

The following conjecture is quite natural: 

Conjecture 3.18 The Kac-Moody group G identifies with the monoid Mdrr associated to the 
category of integrable g-modules, whose integrable duals are point separating, and its category 
of integrable duals. The Kac-Moody algebra g is the Lie algebra of Mdrr- 

If this conjecture holds then {G,¥ [G], J-q) is a weak algebraic group, whose Lie algebra 
identifies with the Kac-Moody algebra g. 

To know Mdrr is also interesting for the following reason: It is natural to generalize the 
locally finite representations of a semisimple Lie algebra by the following classes of representa- 
tions of a Kac-Moody algebra: 

(1) Sums of integrable irreducible highest weight modules. 

(2) Sums of integrable irreducible lowest weight modules. 

(3) Integrable modules with point separating integrable duals. 
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This leads to three generahzations of a semisimple simply connected linear algebraic group. If 
we consider appropriate categories and their categories of integrable duals then for possibility 

(1) we obtain in |M 1| a monoid G whose coordinate ring, which we now denote by F [GJ^^^, 
obeys a Peter-and-Weyl-type theorem. The Lie algebra identifies by |M 1| with the Kac-Moody 
algebra g. (For some more details see also the following section.) Up to isomorphy possibility 

(2) gives nothing new. Maybe possibility (3) is described by the conjecture. It is remarkable 
that the coordinate rings of the monoids obtained by (1) and (2) resemble much more the 
coordinate ring of a semisimple simply connected linear algebraic group than the coordinate 
ring obtained by (3). Perhaps these monoids are better suited to generalize some classical 
algebraic geometric constructions than the Kac-Moody group itself. 

4 The Tannaka monoid associated to the category Oint of 
a Kac-Moody algebra and its category of full duals 

As in Subsection l3 . 5l let g be a symmetrizable Kac-Moody algebra over a field F of characteristic 
zero. The category O is defined as follows: Its objects are the g-modules V , which have the 
properties: 

• is h-diagonalizable with finite-dimensional weight spaces. 

• There exist finitely many elements Ai, . . . , Am G h*, such that the set of weights P{V) 
of V is contained in the union IJiLi { A G h* | A < A; }. 

The morphisms of O are the morphisms of g-niodules. 

Define 'integrable' as in Subsection 13.51 Let Oint be the full subcategory of the category 
O, whose objects are integrable g-modules. This category generalizes the category of finite- 
dimensional representations of a semisimple Lie algebra, keeping the complete reducibility 
theorem: Every object of Oint is isomorphic to a direct sum of the integrable irreducible 
highest weight modules. 

The highest weights of the integrable irreducible highest weight modules are given by the 
set P+ of dominant weights of the weight lattice P. We fix a system of integrable irreducible 
highest weight modules L(A), A e P+. Note also that Endg{L{A)) = ¥idL{A), A G P+. 

The category Oint bas the properties required for the Tannaka reconstruction. In |M Ij we 
determined the monoid G associated to the category Oint and its category of integrable duals. 
Its coordinate ring F [G]^,^^ satisfies a Peter-and-Weyl-type theorem: 

^ iG],nt - i(A)'*^ ® i(A) as G X G-modules . 

AeP+ 

We showed that the Lie algebra Lie{G) of G can be identified with the Kac-Moody algebra g. 
The Zariski-open dense unit group of G identifies with the Kac-Mood group G. The restriction 
of the coordinate ring of G to G identifies with algebra of strongly regular functions F [G]j„j, 
which had already been defined and investigated before in |K,P 2|. Pa rts of the spectrum of 
the algebra of strongly regular functions have been investigated in |Kasj , and |Pic| . The whole 
spectrum of F-valued points of F[G]j^j = F[G]j„j has been determined and investigated in 

Instead of choosing the integrable duals it is also possible to choose the full duals. In this 
section we determine the monoid associated to the category Oint and its category of full duals. 
We describe its coordinate ring of matrix coefficients. We determine its Lie algebra. There 
would be the possibility to do this in a similar way as in jM Ij . It would be straightforward and 
direct, but also quite long. Instead we use some of the results proved in M 2 for an indirect 
but quick approach. 
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For our notation we refer to |M 1| . |M 2| . or jM 8| . There is only the following difference: We 
index the coordinate rings and Zariski-closures related to the category Oint and its category of 
integrable duals now by Hnt\ We don't index the coordinate rings and Zariski-closures related 
to the category Oint and its category of full duals. 

4.1 The Tannaka monoid 

Definition 4.1 We denote by Gf the Tannaka monoid associated to the category of g-modules 
Oint and its category of full duals. We denote by ¥[Gf] its coordinate ring, and by Lie{Gf) 
its Lie algebra. 

As described in Subsection 3.2 of |M 4 | we equip nAeP+ End{L{K)) with the structure of 
a variety induced by 

{End{L{K))t'' End{L{K))\ , (28) 

AGP+ \Ae_P+ / 

where {End{L{A)yf^ := (i;Wi(A)* (i(A)))'^" C End{L{K))* . Specializing Theorem 3.10 and 
Theorem 3.7 of we get: 

Theorem 4.2 The map 

Eirr : Nat ]J End{L{A)) 

AGP+ 

m ^ (mv)v an obj. of 0,„t ^ (?7lL(A) )agP+ 

is an isomorphism of ¥-algebras, which is also an isomorphism of varieties. By this map the 
weak algebraic monoid Gf identifies with a closed weak algebraic submonoid o/J^Agp+ End(L{A)) 

Our first aim is to determine the monoid Gf explicitely. This also demonstrates some of 
the theorems obtained in jM 4| . 

Theorem 4.3 Fix a G Ajg. For every x there exists an element exp(x) £ Gf, such that 
for every g-module V , which belongs to Oint, we have 

exp(x)u = exp(a;y)w for all w £ K 

Furthermore, Ua '■= { exp(a;) | x G } is a closed subgroup of G f . As group with coordinate 
ring it is isomorphic to the additive group F with its coordinate ring of polynomial functions. 
Its Lie algebra is Lie{Ua) — Sa- 

Proof: The elements of g^, act locally nilpotent on the g- modules contained in Oint • By 
Theorem 12.11 and Remark 12.21 the theorem follows. □ 

Set Uf := naeA+ Sq- The Lie bracket of n = ©QgA+Sa extends in the obvious way to a 
Lie bracket of n^ . For every g- module V contained in Oint the action of n on extends in the 
obvious way to an action of n^. Every homomorphisni between g- modules contained in Oint 
is also an homomorphism of ny-modules. Since n acts faithfully on the objects of Oint also Uf 
does. (To show this use the weight space decompositions of the objects of Oint-) We identify 
n^ with its corresponding Lie subalgebra of Nat. 
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Theorem 4.4 For every x G nj there exists an element exp(a:;) G Gf, such that for every 
g-module V, which belongs to Omt, we have 

exp(x)v — exp{xv)v for all w G V. 

Furthermore, Uf := { exp(x) | x nf } is a closed subgroup of Gf. As group with coordinate 
ring it is a pro-unipotent group. Its Lie algebra is Lie{Uf) = Uf , which is the pro-nilpotent Lie 
algebra corresponding to the descending central series of n. 

Proof: By |K2j . §1.3, every root space g^,, a G A+, is the linear span of the muhi- brackets 
[• • • [e^j, 643], . . . , ] such that a^^ +0^2 +' ' '^oli = ct- It follows that the descending central 
series of n is given by 

n'' = ^ g„ where k G Nq. 

aeA+, /it(Q)>fc+l 

It is easy to check that n/ together with the morphisms -0*; : n/n''' defined by 

x^) := ( Xc,) +n^ 

Q!eA+ Q!GA+, ht(a)<k 

fc G No, is the pro-nilpotent Lie algebra corresponding to the descending central series n*^, 
G No, of the Lie algebra n. 
Fix fc G Nq. Recall that the linear subspace Vk of an object V of Oint is defined by 

Vk :— { V \ xq ■ ■ ■ XkV — for all xq, . . . , G n } . 

Recall that the ideal Ik of n is defined by 

Ik :~ { a; G n I xVk — {0} for all objects V of Oint } • 

Furthermore, n'"' C l''. If we show equality, then the theorem follows from Theorem 2.28 and 
Remark 2.29 of jCTl] . 

It is easy to check that 14 is h-invariant for every object V of Oint- From this follows that 
also Ik is h-invariant under the adjoint action. In particular, Ik is spanned by elements of root 
spaces. Assume that there exists Xa G {Ik n g„) \ {0}, where a G A+ with ht{a) < k. Choose 
A G and va G L{A)\ \ {0}. Choose j/q G g_Q such that {xa \ Va) = 1- By using the 

weight space decomposition of L{h) we find immediately j/qWa £ L{A)k. Furthermore, 

XaUaVA = [Xa, J/al^A + Va X^VA = (A | a) 1;a. 

=0 

Because of a G A+, A G and {ui | A) = ^ (a^ | ai) K{h.i) > 0, we get (A | a) > 0. In 

particular, XaVaVA 0, which is a contradiction. □ 

We denote the (dual) Tits cone in h^ by A. The sets of weights of the g- modules contained 
in Oint satisfy 

y p(y) = A n P. 

V an object of Oint 



Theorem 4.5 (a) For every h G H and s G there exists an element s'^ G Gf which acts 
on the g-modules V belonging to Oint by 



s 



f^vx = s^C^'wa for all vx^Vx, A G P{V). 
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These elements generate a torus T isomorphic to H in the obvious way. 

(b) For every a S Hom{X n P, F) there exists an element t{a) G Gf, such that for every 
^-module V which belongs to Omt we have 

t{a)vx = a{X)vx for all vxEVx, A G PiV). 

Furthermore, T := { t{a) \ a G Hom{X D P, F) } is a closed submonoid of Gf. As monoid 

with coordinate ring it identifies with the generalized toric monoid X Ci P :— Hom{X Cl P,¥), 

¥ [X n P] = ¥ [X n P]. In particular, its principal open dense unit group is the torus T. Its 
idempotents are given by the elements e{R), R a face of X , which act on the g-modules V 
belonging to Oint by 

e{R)vx = I "Jj^ I A G 5 \ i? ^'"^ ''^ 6 ^A, A G P{V). 

The Lie algebra of T is Lie{T) = h. 

Proof: Follows by Theorem 12.31 and Remarks 12.41 and by Theorem 2.30, Remark 2.31, 
and Theorem 2.32 of [M3I- □ 

The following theorem is one of the main theorems of this section. 

Theorem 4.6 The monoid Gf is generated by the elements of Uf, by the elements of Ua, 
a G A.^g, and by the elements of T . As a monoid (without coordinate ring, without Zariski 
topology) it identifies by the map of Theorem \4.S\ with the monoid Gf introduced in ]M 2^ . 

Proof: For this proof denote by M the Tannaka monoid associated to the category of g- 
modules Oint and its category of full duals. Denote by G/ be the submonoid of M generated 
by the elements of Uf, of a G A~g, and of T. We show Gf = M. 

By Theorem 14 .21 we identify M with a closed submonoid of nAep+ End{L{K)) . We denote 
the closure of A C nAeP+ End{L{h)) as usual by A. 

By Theorem 12.51 the group G generated by the root groups Ua, a & Are, and the torus 
T is dense in M, i.e., G — M. Since the Kac-Moody group acts faithfully on the integrable 
irreducible highest weight modules L{K), A G P^ , the group G identifies with the Kac-Moody 
group. 

Now equip nAeP+ End{L[K)) with a second coordinate ring, generated by 

(£;ndi(A),.,(L(A)))'"c W End[L{K))\ . (29) 

AeP+ \AeP+ / 

Denote the closure of A C nAGP+ End{L{A)) by A. Because the coordinate ring generated by 
(|29|l is a subalgebra of the coordinate ring generated by (|28|l it follows A C A. 

In Theorem 16 (a) of jJVL 2j we showed G = Gf. (Please note, the closure denoted by A in 
|M 2| is different from the closure denoted by A here. The closure denoted by A in jM 2| is the 
same as here.) It follows Gf C M = G = Gf. □ 



Corollary 4.7 (a) Let Gf be the group generated by the elements ofUf, by the elements of 
Ua, a G A~g, and by the elements ofT. Then Gf is the dense open unit group ofGf. It 
identifies with the formal Kac-Moody group. 

(b) Let G be the group generated by the elements of Ua, a £ Aj-e, and by the elements of 
T. Then G is dense in Gf. It identifies with the (minimal) Kac-Moody group. 
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Proof: In the proof of the last theorem we have already shown part (b). Since the formal 
Kac-Moody group also acts faithfully on the integrable irreducible highest weight modules, Gf 
identifies with the formal Kac-Moody group. Since it contains G, it is dense in Gf. 

Obviously Gf is contained in the unit group (Gf)^. The monoid G/ is generated by G/ 
and by the elements of e{R), R a face of the Tits cone X. The elements e{R), R different 
from X, do not act by bijective endomorphims on every g-module contained in Omt- It follows 
Gf^iCfV. _ 

Let A e P++. Let VA Gi(A)A\{O}and0A e (L(A)W)a\{0}. Let 0a ■= Uj,v^ & V[Gf] be 
the corresponding matrix coefficient. A is contained in the interior of the Tits cone X. Since 
the Tits cone X is W-invariant also WA is contained in the interior of X. The set of weights 
P(A) is contained in the convex hull of WA, which lies also in the interior of X. Therefore, 
the elements e{R), R a face different from X, act as zero on L{A). It follows 

By using the Birkhoff decomposition G/ = [JneN^^^^f ^^'^ formal Kac-Moody group G/ 
we find 

DGfi0A\Gf)^U-TUf. 

From the Bruhat or Birkhoff decompositions of the minimal Kac-Moody group G, and of the 
formal Kac Moody group G/ it follows G/ = GUf. By |K,P 2| , Corollary 3.1, which is also valid 
for the sHghtly enlarged Kac-Moody group G which we use here, we have G = Utoew wU~TU, 
where W denotes the Weyl group. It follows 

Gf = U ^U-TUf, 

Since left multiplications with elements of Gf are Zariski-homeomorphisms, it follows that the 
set wU~TUf is open. Therefore G/ is open. □ 

There are similar structural results for Gf as for the monoid G, and the spectrum of F- 
valued points of the coordinate ring F [G],;„i. We do not state the results here in full length, 
but only give some remarks: 

By Theorem 17 (1) of |M 2| there are the following Bruhat and Birkhoff decompositions 

Gf^U U^nUf. 

Similarly as in jM 3j it is possible to describe the Bruhat and Birkhoff cells, as well as their 
closure relations. 

From the Birkhoff decomposition, or by using Theorem 18 (1) of [KO it follows 

G}= U Ge{RmGf. 

special 

Similarly as in )M 2j it is possible to define big cells of Ge{R{Q)Gf, describe these cells, show 
that countably many cover Ge{R{Q))G f . It is possible to find stratified transversal slices to 
Ge{RmGf. 
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4.2 The coordinate ring of matrix coefficients 

We give three descriptions of the coordinate ring of matrix coefficients F [G/]. They are of a 
similar style as the description of the coordinate ring F [G]j„j obtained by V. G. Kac and D. 
Peterson in Theorem 1 of |K,P 2| , and as the description of F [G]^^^ obtained by M. Kashiwara 
in Section 5 of |Kas| . 

As a particular case of Theorem 2.16 of |M 4| we obtain: 
Theorem 4.8 The map 

^ L{Ay L{A) ¥ [Gf] induced by 4> ® w >^ f^^ 

AeP+ 

is a Gf ^ X G f-equivariant and U{Lie{Gf))°^ (8> U{Lie{G f))-equivariant linear bijective map. 

As a particular case of Theorem 13.31 the algebra of matrix coefficients F [C/(g)]^,^ on C/(g) 
of the integrable g-modules and their full duals is given by 

F[C/(g)U = 0(F[{/(g)]jA, 

where (F [U{g)]^^)\ consists of the functions / G U{g)* which satisfy: 

• h^l = \{h)l for aU h eh.. 

• For every i G / there exists an integer n G N such that (e") I — (/") ^ / = 0. 

We denote the algebra of matrix coefficients of Oint and O/,"" on C/(g) by F[[/(g)]. By 
Theorem 2.14 of |M 4| we get a U{g)°P®U (g)-equivariant isomorphism of algebras 5* : ¥ [Gf] ^ 
F [f/(g)] by 

M/(/)(x) = (x,/)(l) = (a;,/)(l) where / G F [G}], x e C/(g), 

resp. by 

*(/0t.) = 9<pv where (I) £ V* , v € V, V an object of Oim- 

Theorem 4.9 The algebra of matrix coefficients F [?7(g)] is the subalgebra o/F [J7(g)]^^, which 
is given by the elements / G F [[/ (g)]^^, such that the ¥-linear space U{h) [> I is finite- dimensional. 

Proof: Denote by CR the subset of ¥[U{g)]^^ described in the theorem. With the last 
theorem follows, that the functions of F [?7(g)] are sums of matrix coefficients with cj) G 
L(A)*, V G i(A), and A G P+. Since L{A), A G F+, are integrable highest weight modules, 
the inclusion F [C/(g)] C CR follows. 

Now let I G CR. The g-submodule V := U{g) ^l of F [[/ (g)]^^ is integrable. We may write 
V = U{g)^l — U{n'~)^ ([/(b) |>Z). Here U{h)j^l is finite-dimensional. It follows easily that V 
is an integrable g-module of the category O. Similarly as in the proof of Theorem 13 . 31 we find 
an element (j) £ V* , such that 

g^i{x) ^ 4>{xc>l) ^l{x) for all x G C/(g). 

□ 

Denote by F [G] the restriction of the coordinate ring F [Gf] onto the Kac-Moody group 
G. Since G is dense in G/, the coordinate ring F [G] is isomorphic to F [Gf] by the restriction 
map. Recall the coordinate ring F [G]^^, which has been introduced in Section IXT1 to describe 
the algebra of matrix coefficients of the integrable g-modules and its full duals. 
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Theorem 4.10 The coordinate ring ¥[G] is the subalgebra of¥[G]^^ given by the functions 
/i G F [G]^j,, for which there exists finitely many gi, . . . , gm G G such that 

m 

Ut>h — h for all u G 9iUg~^ 

i=l 

Proof: Denote by CR the subset of F [G]^^ described in the theorem. It is easy to check that 
CR is a G°P X G-invariant subalgebra of F [G]^^. 

We first show F [G] C CR. By Theorem Ol it is sufficient to show f^v\G& CR for all 
(/) G i(A)*, V G i(A), and A G P+. Since L(A) is integrable, we get /^^ |gG ]F[G]^^. Since 
L{A) is an irreducible G-module, it is spanned by Gz;a, where ?;a G L{h){^ \ {0}. Therefore, 
V G L{K) can be written in the form 

m 

t; = ^ Ci^iWA with gi e G, Ci e F. 

For u G n™ 1 9iUg~^ it follows = v, which implies Ut> (/^t, |g) |g- 

Recall that the G-invariant subspaces, and the g-invariant subspaces of F [G]^^ coincide. 
The group G acts differentiable, the Lie algebra g acts integrable on such a subspace, and the 
actions can be obtained from one another. In particular, this holds for CR and its G resp. 
g-invariant subpaces. 

Next we show that n acts locally finite on CR. Let h G CR. Then there exist elements 
51, . . . , of G such that u^h — h for all u G PlZli 9iU9T^- ^be group U -.= 11 nP|™ ^ giU g~^ 
is a large subgroup of U in the sense of |K,P 2| , §2 B. By Lemma 2.2 of |K,P 2| there exist 
finitely many real roots /3i , . . . , such that 

Since G acts differentiable on CR, the F-linear space Wh spanned by [/j> ft, = (C/^^ ■ • • Up^) ^ h 
is finite-dimensional. In particular, the space Wh is invariant under Ua = cxp(gQ,) for every 
a G A+g. From this follows easily that Wh is invariant under g^, for all a G A+g. Because these 
root spaces generate n as a Lie algebra, Wh is also invariant under n. 

Now let h G CR. Let V be the F-linear subspace of CR spanned by G|> /i. In the proof of 
Theorem 13.61 we have seen that there exists an element (f) ^ V* such that 

4'{9>h) = h{g) for all g & G. 

We may replace V hy W := U{g) r>h C_ V (actually we have equality), and cj) by its restriction 
to W, which we also denote by (p. n acts locally finite on W. As in the proof of the last 
theorem we find that W belongs to O. In particular, G/ acts on W, extending the action of G. 

Therefore, h &W and (j) G W* define a matrix coefficient /^/i G F [G/] such that f^h \g— h. □ 



4.3 The Lie algebra 

Recall that U is the group generated by the root grous a G A+. Denote by ¥ [U] the 
restriction of the coordinate ring F[G/] onto U. Denote by F[J7]j„j the restriction of the 
coordinate ring F [G]j„j onto U. The following theorem relates F [U]^^^ to the coordinate ring 
F [[//] of the pro-unipotent group Uf. This is advantageous because it is easy to work with 
pro-unipotent groups and their coordinate rings. 

Theorem 4.11 (a) The group U is dense in Uf. In particular the coordinate ring ¥[Uf] is 
isomorphic to ¥ [U] by the restriction map. 
(b) We have¥[U\^^^^¥[U]. 



34 



Proof: To (a): Recall the category C(n) from Section 2.8 of |M 4j . By the proof of Theorem 
2.28 of jM 4j the group Uf is the Tannaka monoid associated to C(n) and C(n) and F [[//] 
is its coordinate ring of matrix coefhcients. The Lie algebra n is generated by g^, a G A+ . 
Therefore, by Theorem 12. 51 the group U is dense in Uf. 

To (b): Obviously F [C/]^„j C F [f7]. Now let V be an object of Oint, let w e and e V"*. 
Choose a pair of dual bases 

{^Xi)xeP{v),i=i.,---,mx and {'r]Xi)\i^P{v)..i=i,---,mx 

of V and V'-*^ by choosing a base a\i, i = 1, • • • , mx, of every weight space Vx, X £ P{V)- 
Then 

4>{uv) — 0(apj)77^j(uw) for all u E U. 

For w £ V denote by supp{w) the set of weights of the non-zero weight space components of 
w. Then supp{uv) C [supp{v) + Q'^) n P{V). Since [supp{v) + Qq) n -P(V^) is finite, it follows 

Ml J 

Me(supp(„) + Q + )np(v) 

□ 

Set := HaeA- Sq- Let V be an object of Oint, let u e F and </> G V^*\ Every 
element of n^^ maps V — ®xi^p{v) i'^t'^ nAeP(y) i'^ ^^"^ obvious way. Since 

Y(*) = 0^^^^^^ y^* the expression 

gives a well defined element of F for every n_ G n J . 
Theorem 4.12 We get a bijective linear map 

nj (Bh(Bn+ ~.Den{¥ [G]„J 

by assigning the element x — n_ + + where n_ G , h G /i, and G ri^ , the derivation 
5x G Deri(F [G] defined by 

5x{f<j>v) <j){n^v) + (l>{hv) + (l){n+v) for all u G V, G V^*\ V an object of O int- 

Proof: Choose an element ua G L(A)a, </>a G (L(A)(*))a, such that 0a(wa) = 1- Let 
Oh '■= f<t>AVA be the associated matrix coefficient on G. Equip the torus T with its classical 
coordinate ring F[T]^j^gg. It identifies with the group algebra W[P] — 0;^gpFeA. Equip 
the groups U"^ and the principal open set Dq{9a) with the coordinate rings F and 
F [Dg(0A)]j„( obtained by restriction of F [GJ^^^. By Proposition 6.4 and Theorem 6.5 of jM 1| 
the multiplication map 

m : X T X U+ Dq{6a) 

is an isomorphism of sets with coordinate rings. Denote by j : D^{9\) — > G the inclusion 
morphism. The tangential maps of sets with coordinate rings 

fi(m) : Der,{¥[U-]^„,) x Der^{¥[TU^J x Der,{¥[U+]^J ^ Der,{¥ [D^ieA^J 
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and 

fi(j) : Der,{¥[D^{e^)\J Der,{¥ [G]^^,) 

are bijective linear maps. (Here Ti{m) is defined as concatenation with the coniorphisni m*, 
and the derivation ((Si, (S2, <^3) e Deri{¥ [U-]^,J x Deri{¥ [T]^i^J x Deri{¥ [U%,J of F [f/-]® 
F [T] (g) F [U+] is given by 

('5l,52,<S3)(/l®/2®/3) = ^l(/l)/2(l)/3(l) + /l(l)52(/2)/3(l) + /l(l)/2(l)^3(/3) 

for all /i e F[;7-]^„,, ^ £ F[T]^,^^^, and h e F[C/+]„^,. The map fi(j) is defined as the 
concatenation with the comorphism j* .) 

By the last theorem we have F [U+]^.^^ = F [[/+] = F [[//]. As shown in Theorem lOl the 
group Uf is unipotent, and its Lie algebra identifies with n/. From the proof of Theorem 
2.28 of |M 4| we know that already Deri(F [U^]) identifies with n/. The Chevalley involution 
* : /7+ — > U~ is an isomorphism of sets with coordinate ring. Therefore, Deri{¥ [U^]) identifies 
with nj . It is well known that Deri{¥ [T]^i^^^) identifies with h. 

Let n_ e nj, h e h, n+ £ and let e Deri{¥ [U^^t), 8h G £'eri(F [r]^,^^J, 
5n^ G Derii¥ [C/^]j„t) be the corresponding derivations. Set 

6 := fi(j orn)((5„_,(5,,.,(S„_|_)). 

Now we compute 5{f^v) for w G F, (/> £ F^*^ , an object of Omt- Choose a pair of dual bases 

{a\i)\£p(v),i=i,---,m^ and {il\i)\£P{v),i=i,---,m,^ 

of F and F^*^ by choosing a base cai, i — I, ■ ■ ■ , m\, of every weight space Vx, A G ^'(V^). 
Then 

f^v{u^tu^) = '^(t){u^vxi)ex{t)rixi(u^v). 

Xi 

for all G t £ T, and ii+ G C/+. Denote by supp{v) the set of weights of the non-zero 
weight space components of u. Then r]xi{u~^v) is nonzero at most for A G {supp{v)+Q'^)r\P{V). 
Since there are only finitely many such weights, it follows 

(j o m)*{f^^) = ^ f^^^. \u- ®ex <E) f^^^v \u ■ 

Ae(supp(„) + Q + )np(v) 

Therefore we get 

5if4,v) = ^ {4'{n-vxr)rixt{v) + 4>{vxi)K^)rixi{v) + 4>{vxi)ri\t{n+v) ) 

Ai 

Ae(si,pp(u) + Q+)nJ'(v) 

= (j){n^v) + (j){hv) + (j){n^v). 

□ 

Let A G Denote by the i(2A)-isotypical component of the g-module L{A)(E)L{A). 

The Kostant cone Va is defined by 

Va := { w G L{A) I w u G i^g/i } . 

By Theorem 1 of |K,P 1| it can be described as Va = G" (i(A)A). 
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Proposition 4.13 Let A e P+. We have Va = G/L(A)a. 

Proof: By Proposition 2.8 of |M 4| the g-invariant subspace L^igh of i(2A) is G/-invariant. 
Therefore, the Kostant cone Va is Gz-invariant. Since L(A)a C Va we get 

Va - G' (L(A)a) c G}l(A)a c Va- 

□ 

Set gj:=n^©h©nj. The Lie bracket of g extends in the obvious way to a Lie bracket of 
gj. Every g- module contained in Oint can be extended to a gj-module, every homomorphisni 
between g-modules contained in Oint is also a homomorphisni of g^-modules. Since g acts 
faithfully on the objects of Oint also g ^ does. (To show this use the weight space decompositions 
of the objects of Oint-) We identify g^ with its corresponding Lie subalgebra of Nat. 

Theorem 4.14 We have Lie{Gf) — Sf- 

Proof: (a) We first show gj C Lie{Gf). By Theorem 14.31 Theorem 14.41 and Theorem 
14.51 we have g^, C Lie{Gf), where a S A~g, and nj C Lie{Gf), and h C Lie{Gf). These 
subalgebras of Lie{Gf) generate g^. 

(b) Let A G P+. Equip L(A) with the structure of a variety induced by L{AY*^ C i(A)*. 
By Lemma 3 of |K,P 1| the Kostant cone Va is a closed subset of L{A). We equip Va with its 
subvariety structure. Fix wa G L{A)\ \ {0}. Due to Proposition 14. 131 we get a map 

$ : G/ ^ Va by <i>(m) := mwA, m G G/. 

It is not difficult to check that $ is a morphism of varieties. Identify the tangent space (Va) 
with the corresponding subspace of T!u^(L(A)a). Identify this last tangent space with L{A). 
Then the tangent map 

Ti($) : Lie{Gf) T^JVa) is given by (Ti($)) {x) = Xi(A)«A, x £ Lie{Gf). 

Furthermore, by Theorem 6.2 of |M 1| we have 

T^JVa) = gi.(A)A. 

(c) Let A G P++. Recall that the elements of nj map L{A) — ^■)^^pf^j^^ L{A)\ into 
L{A)f := nAeP(A) -^(^)a- Let wa G L(A)a. We show that the map 

Vl : rij ^ L{A)f defined by n{n) := nv\, n G 

is injective. Let n — X^aeA- ^ such that nvf^ — X^qgA- "q^a = 0. Then UaVf^ — for 
all a G A^. By Lemma 5 (b) of |K,P 1| the set of elements of g which stabilize L{A)f^ is given 
by h n+. It follows = for aU a G A". 

(d) Now we show Lie{Gf) C g^. Denote by F [G] the restriction of F[G/] onto G. By 

Theorem 12.51 alreadv G is Zariski dense in G/. Therefore F [G/] is isomorphic to F [G] by the 
restriction map. 

Let X G Lie{Gf). Let 5^ be the corresponding derivation of F [G] in 1. It restricts to a 
derivation of F [G]-^^ C F [G] in 1. By Theorem 14 . 1 21 there exist elements n_ G nj , /i G h, and 
n+ G such that 

(pixyv) = S^{f4,v Ig) = (j){n_v) + (j){hv) + 0(n+w) (30) 
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for all objects V of 0„t, w e and </> £ V^*\ 

Let A £ P++ and ua G £(A)a\{0}. By part (b) we find that there exists elements fi- G n^, 
e h, such that 

'P{xl(A)Va) = (f>{n-VA) + (t){hvA) 
for aU </> e L(A)(*). With ^ we get 

(j){n_VA) + A{h)(f>{vA) = (f>{n-VA) + A(/i)0(wa) 

for all (f> e L{AY*\ By choosing </> G (L(A)(*))a \ {0} we find A{h) = A{h). It follows 

(f){h^VA) = 4){n^VA) 

for all G L(A)^*^. Therefore n_UA = u^va- By (c) we find ri- = n_ ^ n . Inserting in (|3U|) 
it follows a; = ri_ + /i + ri+ G gj. □ 
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